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Abstract
The theory of flat Pseudo-Riemannian manifolds and flat affine mani-
folds is closely connected to the topic of prehomogeneous affine represen-
tations of Lie groups. In this article, we exhibit several aspects of this
correspondence. At the heart of our presentation is a development of the
theory of characteristic classes and characters of prehomogeneous affine
representations. We give applications concerning flat affine, as well as
Pseudo-Riemannian and symplectic affine flat manifolds.
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1 Introduction
1.1 Flat Pseudo-Riemannian and flat affine manifolds
A Pseudo-Riemannian manifold (M,<,>) is a smooth manifold M which is
endowed with a possibly indefinite metric <,> on its tangent bundle TM . We
let the expression s(<,>) = (n+, n−), n+ + n− = dimM , denote the signature
of <,>. A positive definite metric <,> has signature (n, 0) and is traditionally
called a Riemannian metric. If the signature of <,> is (n− 1, 1), <,> is called
a Lorentzian metric.
Every Pseudo-Riemannian manifold (M,<,>) has a unique torsion-free con-
nection ∇<,> on its tangent bundle TM which has the property that the metric
tensor <,> is parallel for ∇<,>. The connection ∇<,> is called the Levi-Civita
connection for <,>. Given vector fields X,Y, Z on M , the tensorial expression,
R∇(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z
is called the curvature tensor for a connection ∇.
The metric <,> is called flat if the curvature R∇<,> vanishes everywhere on
M . Thus, in particular, flat Pseudo-Riemannian manifolds carry a torsion-free
and flat connection on their tangent bundle. A manifold M together with a
torsion-free and flat connection ∇ is called a flat affine manifold. Naturally, flat
affine manifolds (M,∇) share many of their geometric properties with the more
restricted class of flat Pseudo-Riemannian manifolds.
1.1.1 Global models and their quotients
There does exist an abundance of examples of simply connected flat Pseudo-
Riemannian and flat affine manifolds. Indeed, every open subset U of Euclidean
space Rn, defines a flat Pseudo-Riemannian manifold (of any signature), and,
every simply connected flat Pseudo-Riemannian manifold (M˜,<,>) or flat affine
manifold (M˜,∇) is obtained by pulling back the flat structures along a local
diffeomorphism Φ : M˜ → U onto an open subset of Rn.
A simply connected Pseudo-Riemannian manifold (M˜,<,>) will be called a
global model space for flat Pseudo-Riemannian manifolds. By elementary cov-
ering theory, every Pseudo-Riemannian manifold (M,<,>) is obtained as a
quotient space of a global model (M˜,<,>) by a properly discontinuous group Γ
of isometries of (M˜,<,>). Similarly, any flat affine manifold (M,∇) is a quo-
tient of a simply connected manifold (M˜,∇) by a group of connection preserving
diffeomorphisms.
In principle, the study of flat Pseudo-Riemannian manifolds breaks into two
parts, namely the determination of interesting global models (M˜,<,>) (apart
from the standard complete model Es), and the study of the quotient spaces
(M,<,>) which are modelled on (M˜,<,>).
A particular interesting class of model spaces will be furnished by homoge-
neous flat Pseudo-Riemannian manifolds. These are flat spaces which admit a
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transitive group of isometries. More generally, homogeneous flat affine mani-
folds, that is, flat affine manifolds with a transitive group of affine transforma-
tions constitute a natural class of models.
1.1.2 Completeness and Pseudo-Euclidean space forms
A Pseudo-Riemannian manifold (M,<,>) is called complete if every geodesic
curve for the connection ∇<,> can be extended to infinity. If the flat mani-
fold (M,<,>) is complete, the Killing-Hopf theorem asserts, that the universal
Pseudo-Riemannian covering space (M˜,<,>) for (M,<,>) is isometric to the
Pseudo-Euclidean space Es = (Rn, <,>s) of signature s = s(<,>), where <,>s
denotes the standard representative for a scalar product of signature s.
In particular, for fixed signature s, there exists, up to isometry, a unique
simply connected complete model space Es for flat Pseudo-Riemannian manifolds
of signature s.
As another consequence, every complete flat Pseudo-Riemannian manifold
(M,<,>) of signature s is isometric to a quotient of Es by a properly discontin-
uous subgroup Γ of isometries, acting without fixed points on Es. Such quotient
manifolds are also called Pseudo-Euclidean space forms.
1.2 Flat Riemannian manifolds
By the Hopf-Rinow theorem (which holds solely in Riemannian geometry), the
compactness of a Riemannian manifold implies its completeness. Similarly, the
equivalence of metric and geodesic completeness for Riemannian manifolds im-
plies that every homogeneous Riemannian manifold is complete. In fact, every
homogeneous flat Riemannian manifold is a quotient of Rn by a group of trans-
lations. In particular, every compact flat Riemannian manifold or homogeneous
flat Riemannian manifold is a quotient of Euclidean space by a discontinuous
group of isometries. Thus, the theory of flat Riemannian manifolds concerns
mostly the study of complete space forms, and it is roughly equivalent to the
study of discontinuous subgroups of the isometry group E(n) of Euclidean space.
The structure of discontinuous subgroups of E(n) is rather well understood,
by the famous three theorems of Bieberbach [14, 15], dating from around 1910.
According to Bieberbach, every discrete subgroup Γ of E(n) is finitely generated
and contains an abelian subgroup of finite index. If Γ acts with compact quotient
space, then the subgroup of translations is of finite index in Γ. In particular,
every compact Euclidean space form is finitely and isometrically covered by a
flat torus Rn/Λ, where Λ is a lattice of translations. Moreover, Bieberbach
proved, that in every dimension n, there exist only finitely many compact flat
Riemannian manifolds up to affine equivalence. Thus, the class of compact flat
Riemannian manifolds is rather restricted from a topological point of view.
The determination of compact Riemannian space forms and their geometric
properties has a long tradition, and remains a subject of geometric and algebraic
(it is related to the study of integral representations of finite groups) interest.
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Recent contributions concern, for example, isospectrality phenomena [30, 83,
99], and spin structures [29, 92] on flat Riemannian manifolds.
The theory of almost flat Riemannian manifolds as developed by Gromov
[51], in a sense, extends the theory of Bieberbach to a much more general con-
text. See [51, 26]. Here, the role of flat tori is taken over by compact nilmanifolds
(these are quotient spaces of nilpotent Lie groups). Incidentally, nilmanifolds
also appear (at least conjecturally) as the fundamental building blocks for com-
pact flat Pseudo-Riemannian manifolds.
1.3 Flat manifolds of indefinite signature
Much of the theory of flat Pseudo-Riemannian manifolds aims to construct an
analogy to the theory of Euclidean space forms. But, as is it turned out, many
new phenomena and principle difficulties arise. Many of them constitute still
open and difficult research questions.
For example, it is widely believed, that, as in the Riemannian case, only the
Pseudo-Euclidean spaces Es admit compact quotient manifolds. This conjecture
is so far verified only for Lorentzian manifolds, see [27].
Likewise, the determination of simply connected homogeneous model spaces
(M˜,<,>), and more generally the determination of all homogeneous flat Pseudo-
Riemannian manifolds of a given signature s, is an unsolved problem.
1.3.1 Structure theory of compact flat Pseudo-Riemannian mani-
folds
Compactness and completeness A first stumbling stone for a structure
theory is created by the general lack of understanding about the relationship of
compactness and completeness for flat Pseudo-Riemannian and affine manifolds.
In fact, although there are known examples of compact (non flat) Lorentzian
manifolds, which are incomplete, it is expected (“Conjecture of Markus”) that,
as in the Riemannian case, a flat compact Pseudo-Riemannian manifold is in-
deed also complete. This conjecture was proved by Carrie´re [27] for the case of
flat Lorentzian manifolds. But it remains unverified for flat Pseudo-Riemannian
manifolds of arbitrary signature.
More generally, the Markus conjecture (attributed to [80]) suggests that an
orientable compact affinely flat manifold is complete if and only if it admits a
parallel volume. Beside the result of Carrie´re, this conjecture is verified only in
a few special cases. For example, compact homogeneous affine manifolds satisfy
Markus’ conjecture.
Note that, by dividing out a cyclic group of linear dilatations on the affine
space with the point 0 removed, one constructs a simple example of a compact
affinely flat and incomplete manifold. In general, the theory of compact flat
affine manifolds is considered as wild and possibly untractable, although some
results on the topology of such manifolds have been obtained in low dimensions.
See [100] for wild examples.
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Group theoretic structure of the fundamental group Assuming com-
pleteness, new osbtacles appear to generalise Bieberbach’s theory of discon-
tinuous Euclidean groups and Euclidean crystallographic groups to a theory
of affine crystallographic groups. These concern the group theoretic structure
of the fundamental group of a complete Pseudo-Riemannian manifold. Con-
jecturally, (“Auslander’s conjecture”), an affine crystallographic group has a
solvable subgroup of finite index. The conjecture arose from a paper [4] of
Louis Auslander, which contained a flawed proof of the even stronger claim that
every finitely generated discontinuous subgroup of affine transformations has a
solvable subgroup of finite index.
The solvable group replaces the finite index abelian subgroup in the Eu-
clidean case. In this sense, the Auslander conjecture serves as a weak analogue
to Bieberbach’s first theorem. Auslander’s conjecture is verified in low dimen-
sions, in the Lorentzian case, and in some other cases (see [1] for a survey). But
it remains one of the main open questions of the subject.
Also, if the assumption of compactness is dropped, examples of flat complete
three dimensional Lorentzian manifolds with a free non-abelian fundamental
group (cf. [31, 79]) give a counter example to the original claim of Auslander.
In this case, the analogy with the Euclidean theory breaks down.
The classification theory of Pseudo-Euclidean space forms Assuming
completeness and solvability of the fundamental group, new difficulties and phe-
nomena arise for a possible classification program. For instance, the finitess part
of the Bieberbach theory breaks down, as well. But it admits a weak and rather
subtly defined replacement, as is described in [50].
The main achievement of the theory, so far, gives a rather precise and strong
link of the theory of Pseudo-Euclidean and affine crystallographic groups with
the theory of left-invariant flat Pseudo-Riemannian metrics on Lie groups. (See
[40, 50] for an exposition.) For example, a classification theory of compact flat
Lorentzian manifolds is developed in [6, 39, 48, 49, 52].
However, despite the achievements in the Lorentzian case, the structure
theory for compact complete flat Pseudo-Riemannian manifolds remains widely
open.
1.3.2 Homogeneous flat Pseudo-Riemannian manifolds
Unlike the Riemannian case, a homogeneous Pseudo-Riemannian manifold need
not be complete. The simplest example of a non-complete homogeneous flat
Pseudo-Riemannian manifold is an open orbit of the two-dimensional non-
abelian solvable simply connected Lie group in E1,1 (see [108, §11]). In gen-
eral, the classification of non-complete homogeneous flat Pseudo-Riemannian
manifolds is not fully understood.
Only if the additional assumption of compactness is made then homogeneity
implies completeness for Pseudo-Riemannian manifolds (in fact, even without
the assumption of flatness), see [56, 82]. Furthermore, in some cases, the group
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theoretical structure of a homogeneous space is directly linked to its complete-
ness properties. For example, a flat Pseudo-Riemannian Lie group, more gen-
erally a volume preserving flat affine Lie group, is complete if and only if it is
unimodular. In this article, we introduce the related new result that a flat affine
homogeneous space of a nilpotent Lie group is complete if and only if the action
preserves a parallel volume form. In particular, a flat homogeneous Pseudo-
Riemannian manifold or a flat symplectically homogeneous affine manifold of a
nilpotent group is complete. See section 4 and section 7 for further discussion
of these results.
The structure and classification of complete homogeneous flat Pseudo-Rie-
mannian manifolds is more accessible than the general case. Every Riemannian
homogeneous flat manifold is obtained by dividing out a group of translations
in Rn. In the Pseudo-Riemannian case interesting phenomena do occur.
For example, contrasting the Riemannian case, there exists a large class of
(non-compact) complete homogeneous flat Pseudo-Riemannian manifolds with
abelian but non-translational holonomy groups. See [107, 111, 112] for a detailed
study of this examples.
In general, the holonomy group of a homogeneous flat Pseudo-Riemannian
manifold must be a two-step nilpotent group. (See section 4.3.1 for details on
this.) Non-abelian fundamental groups occur, in particular, as fundamental
groups of compact homogeneous flat Pseudo-Riemannian manifolds. In fact,
there exists a large class of compact two-step nilmanifolds, which admit an
(essentially unique) homogeneous flat Pseudo-Riemannian metric. The first
examples, which are not homotopy equivalent to a torus arise in dimension six.
See section 4.2.2 for more details and proofs.
For general homogeneous affinely flat manifolds similar results hold. By [45],
the affine holonomy group of a compact affine manifold with parallel volume does
not preserve any proper algebraic subsets in affine space An. As a corollary a
compact homogeneous affine manifold with parallel volume is complete. (An
independent proof is given in section 4.2.)
More generally, if a volume preserving homogeneous affine manifold admits
a compact Clifford-Klein form then it must be complete (see section 9.2 of
this article for further discussion). In particular, if the universal covering of
a compact flat Pseudo-Riemannian manifold is homogeneous then it must be
complete. It follows that non-complete homogeneous flat Pseudo-Riemannian
manifolds do not occur as models of compact flat Pseudo-Riemannian manifolds.
1.4 Overview of the article
This article aims to exhibit several aspects, which link the theory of flat affine
and Pseudo-Riemannian manifolds with the topic of representations of Lie groups
and algebraic groups on affine space An.
In section 1 we started with an overview on some of the main achievements
and open problems in the topic of flat affine and Pseudo-Riemannian manifolds.
In the following section 2 we discuss flat manifolds from the point of view of
Thurston’s theory of locally homogeneous (X,G)-manifolds. Here we introduce
9
our notation, as well as basic definitions and methods.
In section 3, we describe the structure of the group of affinities and of the Lie
algebra of affine vector fields on flat affine manifolds. By the development pro-
cess, these groups are represented as subgroups of the affine group, and relate
to certain associative matrix algebras. Compactness poses strong restrictions
on the symmetries of volume preserving, in particular, of Pseudo-Riemannian
and symplectic affine flat manifolds, which we describe in detail. Similarly, the
holonomy groups of flat homogeneous manifolds are determined by the centralis-
ers of prehomogeneous representations. They turn out to be a nilpotent, if the
homogeneous manifold is complete.
The following section 4 is devoted to the basic properties of homogeneous
affine manifolds. Their automorphism groups develop to prehomogeneous sub-
groups of the affine group. We show that the Markus conjecture is satisfied for
compact homogeneous affine manifolds, and we describe the structure of com-
pact homogeneous flat Pseudo-Riemannian, and also of compact symplectically
homogeneous affine flat manifolds.
We also introduce a result which states that a homogeneous affine manifold
of a nilpotent group is complete if and only if the group is volume preserving.
In particular, a homogeneous flat Pseudo-Riemannian or symplectic affine flat
manifold of a nilpotent group is always complete. The proof of these results
depends on methods which are developed in section 7.
In section 5, we review the relationship between the geometry of a flat affine
Lie group and the behaviour of its left and right Haar measures. The main
result shows that the completeness of a flat affine Lie group is determined by
the interaction of its unimodular character with the volume character which is
defined by the affine structure. These results build on the study of e´tale affine
representations of Lie groups.
In section 6, we discuss the basic properties of affinely homogeneous domains
and of prehomogeneous affine representations of Lie groups.
In the following section 7, we develop a criterion for the transitivity of preho-
mogeneous affine representations, which extends corresponding results for e´tale
affine representations. The main application shows that every volume preserving
nilpotent prehomogeneous group of affine transformations is transitive.
In section 8, we explain how the geometry of invariant measures on an affine
homogeneous space and the transitivity properties of its associated prehomo-
geneous representation are linked by certain naturally defined characteristic
classes of the affine representation.
In section 9, we study properties of the Zariski closure A(Γ), where Γ is the
holonomy group of a compact affine manifold M . One of the main objectives of
the subject is to characterise the groups A(Γ) in relationship with the geometric
properties of M . An important result of Goldman and Hirsch states that A(Γ)
acts transitively on affine space if M is a volume preserving compact flat affine
manifold. This has strong consequences for the geometry of compact volume
preserving flat affine manifolds. We explain some of the applications of this
result, and we also explain how its proof relates to the methods developed in
the previous sections.
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2 Foundations
Flat Pseudo-Riemannian and affine manifolds constitute actually a particular
class of locally homogenous manifolds. This point of view allows to express
many geometric properties of flat manifolds in an elegant and transparent way.
2.1 The development map and holonomy
We start by briefly recalling the fundamental notion of an (X,G)-manifold.
For further and more detailed reference on (X,G)-structures, see, for example,
[37, 96, 102].
2.2 (X,G)-manifolds
Let X be a homogeneous space for the Lie group G. A manifold M is said to
be locally modelled on (X,G) if M admits an atlas of charts with range in X
such that the coordinate changes are restrictions of elements of G. A maximal
atlas with this property is then called a (X,G)-structure on M , and M is called
a (X,G)-manifold, or locally homogeneous space modelled on (X,G).
A map Φ between two (X,G)-manifolds is called an (X,G)-map if it looks
like the action of an element of G in the local charts. If the (X,G)-map Φ is a
diffeomorphism it is called an (X,G)-equivalence.
Every (X,G)-manifold comes equipped with some extra structure, called the
development and the holonomy. Let π : M˜ →M denote the universal covering
space of the (X,G)-manifold M . We fix x0 ∈M . The development map of the
(X,G)-structure on M is the local diffeomorphism
D : M˜ → X
which is obtained by analytic continuation of a local (X,G)-chart of M in x0.
The development map is an (X,G)-map, and, for any (X,G)-equivalence Φ of
M˜ , there exists an element h(Φ) ∈ G such that
D ◦ Φ = h(Φ) ◦D . (2.1)
The fundamental group π1(M) = π1(M,x0) acts on M˜ via covering trans-
formations, which are (X,G)-equivalences of M˜ . This induces the holonomy
homomorphism h : π1(M,x0)→ G which satisfies
D ◦ γ = h(γ) ◦D , (2.2)
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for all γ ∈ π1(M,x0). After the choice of the development map (which corre-
sponds to a choice of a germ of a (X,G)-chart in x0), the holonomy homomor-
phism h is well defined. We note that the (X,G)-structure on M determines
the conjugacy class of h under the action of G.
Clearly, the development map already determines the (X,G)-structure on
M˜ , and specifying a development pair for the action of π1(M,x0) on M˜ is
equivalent to constructing an (X,G)-structure on M :
Proposition 2.1 Every local diffeomorphism D : M˜ → X which satisfies (2.2),
for some h : π1(M,x0)→ G defines a unique (X,G)-structure on M , and every
(X,G)-structure on M arises in this way.
Properly discontinuous actions Let Γ be a group of diffeomorphisms of
a manifold M . Then Γ is said to act properly discontinuously on M if, for all
compact subsets K ⊂M , the set
ΓK = {γ ∈ Γ | γK ∩K 6= ∅}
is finite. If Γ acts properly discontinuously and freely on M then the quotient
space M/Γ is a smooth manifold, and the projection map π : M → M/Γ is
a smooth covering map. Now if Γ acts by (X,G)-equivalences on an (X,G)-
manifold M , then the quotient space M/Γ inherits a natural (X,G)-manifold
structure from M . In fact, the development maps of M and M/Γ coincide (as
well, as their universal coverings.)
Example 2.1 ((X,G)-space forms) Assume that X is simply connected, and
Γ is a group of (X,G)-equivalences of X (that is, Γ is a subgroup of G) acting
properly discontinuously and freely on X . Then X/Γ is an (X,G)-manifold,
and the identity map of X is a development map for X/Γ.
See [37, 102] for further discussion of (X,G)-geometries and the properties
of the development process.
2.2.1 Affine and projectively flat manifolds
The geometry of the Pseudo-Euclidean space Es = (Rn, E(s)) is determined by
the transitive action of the isometry group E(s) of the standard scalar product
of signature s. Similarly the geometry of affine space An = (Rn,Aff(n)) is
determined by the action of the full affine group Aff(n).
Coordinate representation of the affine group We view affine space An
as a hyperplane
An = {(x, 1) | x ∈ Rn}
embedded in Rn+1. In this setting, the group of affine transformations Aff(n)
identifies naturally with a group of linear transformations of Rn+1. Namely,
Aff(n) =
{
A =
(
g t
0 1
) ∣∣∣ g ∈ GL(n,R)
}
,
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which is a subgroup of GL(n+1,R). Note that the affine group decomposes as
a semi-direct product
Aff(n) = T (n)⋊GLn(R) ,
where
T (n) =
{
A =
(
1 t
0 1
) ∣∣∣ t ∈ Rn
}
is the group of translations of Rn. The natural quotient homomorphism
ℓ : Aff(n)→ GLn(R) , A 7→ ℓ(A) = g
associates to the affine transformation A ∈ Aff(n) its linear part. The vector
t(A) = t, is called the translational part of A.
The Lie algebra aff(n) of Aff(n) is
aff(n) =
{
X =
(
ϕ v
0 0
) ∣∣∣ ϕ ∈ gl(n,R)
}
,
which is a Lie subalgebra of the matrix algebra gl(n+ 1,R).
Note that the evaluation map of the affine action at x ∈ An
ox : Aff(n)→ A
n , A 7→ A · x = g(x) + t
is expressed by matrix multiplication, and so is its derivative at the identity,
which is the map
tx : aff(n)→ R
n , X 7→ X · x = ϕ(X) + v . (2.3)
Transitive subgroups of Aff(n) We shall also consider various subgroups of
Aff(n). We let O(s) = O(<,>s) denote the group of linear isometries of the
standard scalar product <,>s of signature s. The Pseudo-Euclidean isometry
group E(s) is a semidirect product E(s) = T (n)⋊O(s). Thus E(s) embeds into
the affine group as
E(s) =
{
A =
(
g t
0 1
) ∣∣∣ g ∈ O(s)
}
.
The group of volume preserving affine transformations is SAff(n) = {A ∈
Aff(n) | ℓ(A) ∈ SLn(R)}. The group of symplectic affine transformations is
Aff(ωn) = {A ∈ Aff(2n) | ℓ(A) ∈ Sp(ωn)}, where ωn is a non-degenerate skew
bilinear form on R2n.
Fixed points for reductive affine actions We call a subgroup G of a
linear group reductive if every G-invariant linear subspace admits an invariant
complementary subspace. The following Lemma is a particular useful fact:
Lemma 2.2 Let G ≤ Aff(n) be a reductive subgroup. Then the affine action of
G has a fixed point on An.
Proof. Take a complementary line to the G-invariant subspace {(v, 0) | v ∈
Rn} ⊂ Rn+1, and intersect with the hyperplane An. ✷
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Projective geometry The space of lines through the origin in Rn+1 is called
real projective space, and it is denoted by PnR. The projective linear group is
PGL(n,R) = GL(n+ 1,R)/{±En+1}
acting on the projective space PnR. Via the above coordinate representation,
affine space An embeds as an open subset in PnR, and Aff(n) embeds as a
subgroup of PGL(n,R). In particular, affine geometry (that is, geometry mod-
elled on (X,G) = (An,Aff(n))), is a subclass of projective (PnR,PGL(n,R))
geometry. Note also that a cone over any (PnR,PGL(n,R))-manifold becomes
a (Rn+1,GL(n+1,R)) manifold. (See [44], for an exposition about projectively
flat manifolds, and their relation with affine flat manifolds.)
2.3 Flat manifolds are (X,G)-manifolds
As already remarked, the geometry of the Pseudo-Euclidean space Es is deter-
mined by the transitive action of its isometry group E(s), and similarly the
geometry of affine space An is determined by the action of the affine group
Aff(n).
Theorem 2.3 A flat Pseudo-Riemannian manifold (M,<,>) is a locally homo-
geneous space modelled on the standard pseudo-Euclidean space Es, s = s(<,>).
A flat affine manifold (M,∇) is a locally homogeneous space modelled on affine
space An.
Proof. In fact, by flatness of (M,<,>), the exponential map expp : TpM →
M allows to define an isometry of a neighbourhood of 0 in Es to a normal
neighbourhood in (M,<,>), for every point p ∈ M . This defines a compatible
atlas for M , where all charts are local isometries, and with coordinate changes
in the Pseudo-Euclidean group E(s). Evidently, the analoguous argument also
works for a flat affine manifold (M,∇). ✷
Note that the locally homogeneous Es-structure on (M,<,>) is uniquely
determined by the compatibility condition that its charts are local isometries.
The compatible An-structure for ∇ is determined by the condition that its charts
are affine maps. In particular, we may speak of the development map D : M˜ →
An and holonomy of a flat affine manifold, where D is then a local locally
affine diffeomorphism (respectively, D : M˜ → Es is a local isometry, for a flat
Pseudo-Riemannian manifold).
The traditional point of view (Pseudo-Riemannian metric and flat connec-
tion) and the Es-manifold point of view are completely equivalent. Namely,
every locally homogeneous space modeled on Es has a unique flat Pseudo-
Riemannian metric <,> which turns the local charts of the Es-structure into
local isometries for <,>. A map between two flat manifolds (M,<,>) and
(M ′, <,>′) is a local isometry if and only if it is a map of Es-structures, and so
on.
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Holonomy and parallel transport Let h : π1(M)→ E(s) denote the holon-
omy homomorphism of an Es-structure on M .
Definition 2.4 The homomorphism h is called the affine holonomy homomor-
phism of the flat manifold (M,<,>). The composition hol = ℓ ◦ h : π1(M) →
O(s) is called the linear holonomy homomorphism.
Recall that the parallel transport of a flat manifold (M,<,>) defines a ho-
momorphism px : π1(M,x) → O(TxM,<,>x) of the fundamental group of M
into the group of linear isometries of the tangent space. The image px(π1(M,x))
is called the holonomy group of (M,<,>) (at x). The following is easy to see:
Proposition 2.5 In a local chart for the induced Es-structure on M , based at
x ∈ M , the parallel transport homomorphism px : π1(M,x) → O(TxM,<,>x)
corresponds to (that is, it is conjugate to) the linear holonomy homomorphism
of the Es-structure.
Of course, the analogous result holds for a flat affine manifold (M,∇) and
its parallel transport. Note that also the affine holonomy may be interpreted as
a parallel transport in a suitable associated bundle over (M,∇) (cf. [71]). For
yet another interpretation of the affine parallel transport, see [26].
Affine structures of type A We do not need to restrict our attention to the
transitive groups E(s) or Aff(n). More generally, we may consider any subgroup
A of the affine group Aff(n) to define a flat model geometry. This gives rise to
the following notion.
Definition 2.6 A locally homogeneous space modelled on (An,A) is called a
flat affine manifold of type A.
The holonomy determines if the affine structure group for a flat affine man-
ifold (M,∇) can be reduced to a subgroup A of Aff(n).
Definition 2.7 A flat affine manifold (M,∇) is called of type A if (a conjugate)
of its affine holonomy homomorphism h : π1(M)→ Aff(n) takes image in A.
If (M,∇) is of type A then it admits a compatible structure of an (An,A)
manifold. The definition allows to consider various kinds of geometric flat-
ness conditions for (M,∇). For example, the groups A = SAff(n), Aff(ω),
Aff(2n,C), UE(2n) decribe the concepts of volume preserving, symplectic, com-
plex or Ka¨hler flat affine manifold, respectively.
2.3.1 Completeness and crystallographic groups
Geodesic completeness of a flat affine manilfold is interpreted naturally by its
development map.
Theorem 2.8 A flat affine manifold (M,∇) is complete if and only if its de-
velopment map D : M˜ → An is a diffeomorphism.
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Proof. The development map D is a local affine diffeomorphism. By com-
pleteness of (M˜,∇) it is onto An. Moreover, geodesics of An admit a lift along
any preimage for D. Therefore, D is a covering map. Hence, it must be a
diffeomorphism. ✷
Question 1 Does there exists a flat affine manifold with development map D,
which is onto An, but not a diffeomorphism?
The characterisation of completeness via the development implies the fol-
lowing:
Corollary 2.9 (Killing-Hopf theorem) Let (M,∇) be a complete flat affine
manifold of type A. Let Γ = h(π1(M)) ≤ A be its affine holonomy group. Then
Γ acts properly discontinuously and freely on An, and M is A-equivalent to the
A-manifold An/Γ.
It follows that every complete Pseudo-Riemannian manifold (M,<,>) of
signature s, is isometric to a quotient of Es by a properly discontinuous group
Γ ≤ E(s). Such a manifold
M = Es/Γ
is called a Pseudo-Euclidean space form.
A complete flat affine manifold (M,∇) is called an affine space form. By
Corollary 2.9, the study of affine space forms reduces to the study of properly
discontinuous subgroups of Aff(n).
Example 2.2 Every discrete subgroup Γ of the Euclidean group E(n) acts prop-
erly discontinuously on Rn. If Γ is in addition torsion-free then En/Γ is a
complete flat Riemannian manifold.
In general, if Γ ≤ A is properly discontinuous then it is discrete, but the
converse may not hold.
Crystallographic groups A uniform discrete subgroup of E(n) is tradition-
ally called a (Euclidean-) crystallographic group, cf. [106]. This motivates the
following
Definition 2.10 A properly discontinuous subgroup Γ ≤ A, A ≤ Aff(n), is
called an affine crystallographic group of type A if the quotient space An/Γ is
compact.
Question 2 Is an affine crystallographic group (up to finite index) contained in
the group of volume preserving affine transformations of An? Or equivalently,
has an orientable compact complete affine manifold always a parallel volume
form? (This is one direction of Markus’ conjecture, see section 1.3.1).
Note that a finite volume flat complete Riemannian manifold is necessarily
compact. This is a consequence of the classification of discrete subgroups of the
Euclidean group E(n), as given by Bieberbach, see [106].
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Question 3 Does there exist a non-compact, finite volume complete affine or
Pseudo-Riemannian manifold? For example, does a complete flat Lorentzian
manifold admit finite volume, without being compact?
2.3.2 The development image of a compact affine manifold
Let M be a compact affinely flat manifold, D : M˜ → An its development map.
The development image of M is an open domain
UM = D(M˜) ⊆ A
n .
It is conjectured that M is complete, if M admits a parallel volume (Markus’
conjecture). In particular, in this case, the conjecture claims that D(M˜) = An.
Example 2.3 The development image of an affine two-torus UT 2 is one of the
four affinely homogeneous domains which admit an abelian simply transitive
group of affine transformations, see Corollary 6.6. See also [9] for construction
methods of affine structures on T 2, and visualisation of the development process.
In general, the development image of a compact affinely flat, or projectively
flat, manifold can have a very complicated development image. See [100], for
the construction of examples.
3 The group of affinities
Let ∇ be a torsion-free connection on M . We put Aut(M,∇) for the group of
connection preserving diffeomorphisms of M . Recall (cf. [70]) that Aut(M,∇)
is a Lie group.
3.1 Affine vector fields
A vector fieldX on (M,∇) is called an affine vector field if its local flow preserves
the connection ∇. The affine vector fields form a subalgebra aut(M,∇) of the
Lie algebra Vect(M) of all C∞-vector fields.
A vector field on M is called complete if its local flow generates a one-
parameter group of diffeomorphisms of M . The complete affine vector fields
on M form a subalgebra autc(M,∇) of aut(M,∇). If M is compact or ∇ is
complete then autc(M,∇) = aut(M,∇) (see [71, VI, §2]).
Note that the Lie algebra of complete affine vector fields is (anti-) isomorphic
to the tangent Lie algebra of (left-invariant) vector fields on Aut(M,∇).
3.1.1 The associative algebra of affine vector fields on a flat manifold
Let (M,∇) be a flat affine manifold, and let X be a vector field on M . The
covariant derivative of X defines an endomorphism field
AX : Y 7→ −∇YX
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on M . Since ∇ is flat, the vector field X is affine if and only if AX is parallel,
that is, X is affine if and only if, for all vector fields Y, Z,
∇ZAXY = AX∇ZY . (3.1)
Moreover, for an affine vector field X on the flat manifold (M,∇) we have, for
all Y ∈ Vect(M), the relation
A[X,Y ] = [AX , AY ] . (3.2)
Induced algebra structure on Vect(M) We declare the product of two
vector fields X,Y ∈ Vect(M) by
X ∗∇ Y := AXY = −∇YX . (3.3)
In terms of the product ∗∇, condition (3.1), that X ∈ Vect(M) is affine, is
equivalent to
X ∗∇ (Y ∗∇ Z) = (X ∗∇ Y ) ∗∇ Z , (3.4)
for all Y, Z ∈ Vect(M).
A short calculation, involving the associativity condition (3.4) shows: if X
and X ′ are affine vector fields then AXX
′ = X ∗∇X
′ also satisfies (3.4), for all
Y, Z ∈ Vect(M). Hence, X ∗∇X ′ is an affine vector field. In particular, the Lie
algebra of affine vector fields aut(M,∇) is a subalgebra of (Vect(M), ∗∇) which
is associative:
Proposition 3.1 The Lie algebra of affine vector fields (aut(M,∇) forms an
associative subalgebra of (Vect(M), ∗∇).
Let us furthermore remark that the centralisers of affine vector fields form a
subalgebra in (Vect(M), ∗∇):
Lemma 3.2 Let Y ∈ aut(M,∇) be an affine vector field. Let X,X ′ ∈ Vect(M)
be vector fields on M , which centralise Y . Then also ∇XX ′ centralises Y .
Proof. Using (3.1) for the affine field Y , as well as, [X,Y ] = [X ′, Y ] = 0, we
calculate
[∇XX
′, Y ] = ∇∇XX′Y −∇Y∇XX
′
= ∇X∇X′Y −∇Y∇XX
′
= ∇X∇YX
′ −∇Y∇XX
′
= ∇[X,Y ]X
′ = 0 .
✷
Remark The fact that aut(M,∇) inherits the structure of an associa-
tive matrix algebra, has strong consequences, especially in a situation, where
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aut(M,∇) describes the tangent algebra for the group Aut(M,∇). For exam-
ple, homogeneous affine manifolds, which are compact or complete are naturally
related to associative matrix algebras. See, for example, [115] for applications.
See also some of the results in section 6 and section 7 for further exploitation
of this principle.
3.1.2 Right- and left-symmetric algebras
A bilinear product · on a vector space which satisfies the identity
X · (Y · Z)− (X · Y ) · Z = Y · (X · Z)− (Y ·X) · Z (3.5)
is called a left-symmetric algebra. Complementary, a product is called right-
symmetric if
Z · (Y ·X)− (Z · Y ) ·X = Z · (X · Y )− (Z ·X) · Y . (3.6)
Both identities naturally generalise the associativity condition for algebras, and,
by exchanging factors, right- and left symmetric products are in one to one
correspondence. Moreover, as in the associative case, there is an associated Lie
product which is defined by
[X,Y ] := X · Y − Y ·X .
The associative subalgebra of elements X which is defined by equation (3.4) is
called the associative kernel of the right-symmetric algebra.
Example 3.1 Let (M,∇) be a flat affine manifold. As declared in (3.3), the
flat torsion-free connection ∇ induces an algebra product ∗∇ on the Lie alge-
bra Vect(M) of C∞- vector fields on M . Note then that ∗∇ is a compatible
right-symmetric algebra product on the Lie algebra Vect(M). The associative
kernel of (Vect(M), ∗∇) is finite dimensional, and it is precisely the subalgebra
(aut(M,∇), ∗∇) of affine vector fields.
Algebras satisfying (3.5) appeared and a play mayor role in the study of
convex homogeneous cones [105]. Naturally finite dimensional LSAs over the
real numbers play an important role in the study of left invariant flat affine
structures on Lie groups, see section 5. Left symmetric algebras also appear in
several other mathematical and physical contexts, see [25] for a recent survey.
3.2 Development representation of affinities
Let (M˜,∇) be the universal covering manifold of (M,∇). We put Γ˜ ≤ Aut(M˜,∇)
for the the group of covering transformations, and Γ = h(Γ˜) for the affine holon-
omy group of (M,∇). The development process provides a local representation
of the group of affine transformations Aut(M,∇):
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We define
Aˆut(M,∇) = Aut(M˜, Γ˜,∇) = {Φ ∈ Aut(M˜,∇) | Φ Γ˜Φ−1 = Γ˜} .
The group Aˆut(M,∇) is a covering group of Aut(M,∇), and the development
homomorphism (2.1) induces a homomorphism of Lie groups
h : Aˆut(M,∇)→ Aff(n) (3.7)
into the affine group Aff(n). Note that h has discrete kernel. Moreover, the
image h(Aˆut(M,∇)) normalises Γ, and h(Aˆut(M,∇)0) centralises Γ.
Representation of affine vector fields We study now the tangent repre-
sentation of the development homomorphism.
Proposition 3.3 The development defines a a natural faithful associative al-
gebra representation
h¯ : (aut(M,∇), ∗∇) → aff(n) . (3.8)
Proof. We already remarked that aut(M,∇) forms an associative algebra with
respect to ∗∇). Via local affine coordinates, we can identify the tangent space
TpM with R
n. By the formula AX∗∇Y = AAXY = AXAY , which is deduced
from (3.4), the map
h¯ : X 7→ φXp =
(
AXp Xp
0 0
)
(3.9)
is easily seen to be a faithful representation of (aut(M,∇), ∗∇) into the associa-
tive algebra of aff(n) (where the associative algebra structure on aff(n) is given
by the usual product of matrices). ✷
The development representation
h¯ : aut(M,∇) → aff(n) ,
as defined in (3.9), is associated to the local representation h of Aut(M,∇).
In fact, on the subalgebra autc(M,∇), the development representation h¯ corre-
sponds to the derivative of h. We further remark:
Proposition 3.4 The representation h¯ identifies aut(M,∇) with the subalgebra
aff(n)Γ of Γ-invariant affine vector fields on An.
Proof. If M is simply connected the map h¯ : aut(M,∇) → aff(n) is an
isomorphism, since affine vector fields may be extended uniquely to all ofM from
any coordinate patch. For the general case, note that aut(M,∇) is isomorphic
to the subalgebra aut(M˜,∇)Γ˜ of Γ-invariant affine vector fields on M˜ . Since
h¯ : aut(M˜,∇) → aff(n) is equivariant with respect to h : Γ˜ → Γ, aut(M,∇) is
mapped onto aff(n)Γ. ✷
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3.3 Affinities of compact volume preserving affine mani-
folds
Recall that a compact volume preserving affine manifold is conjectured to be
complete. Now if (M,∇) is a compact complete affine manifold then the cen-
traliser of the affine crystallographic group Γ = hol(π1(M)) in Aff(n) is unipo-
tent (see for example [50], or section 9). Since the centraliser of hol(π1(M)) is
the development of Aˆut(M,∇)0, the latter group is a simply connected nilpo-
tent Lie group, which is faithfully represented by unipotent matrices. In this
section we show that the analogous facts do indeed hold for the affinities of a
compact volume preserving affine manifold, without assuming its completeness.
Let (aut(M,∇), ∗∇) denote the Lie algebra of affine vector fields on M with
the associative algebra structure induced by ∇. We note:
Proposition 3.5 Let (M,∇) be a flat affine manifold with parallel volume,
which is compact (or with finite volume). Then (aut(M,∇), ∗∇) is isomorphic
to an associative algebra of nilpotent matrices. In particular, aut(M,∇) is a
nilpotent Lie algebra.
Proof. Define the divergence of X ∈ Vect(M) relative to the parallel volume µ
on M by the formula
divX µ = LXµ .
Since M is compact, by Green’s theorem (cf. [71, Appendix 6]) we have,
∫
M
divXdµ = 0 , (3.10)
and, moreover, since the volume form is parallel, we also have (again according
to [71, Appendix 6]),
divX = −traceAX (= trace∇•X) .
In particular, if X ∈ aut(M,∇) then divX is a constant function, which implies
divX = 0. Thus, via the linear representation X 7→ φXp of (aut(M,∇), ∗∇)
constructed in Proposition 3.3, aut(M,∇) is isomorphic to an associative algebra
of linear operators of trace zero. By Lemma 6.13, φXp is a nilpotent operator,
for all X ∈ aut(M,∇).
In the finite volume case, we use an analogous argument, noting that (3.10)
holds for an affine vector field X on finite volume M as well. ✷
Corollary 3.6 Let (M,∇) be a flat affine manifold with parallel volume which
is compact (or with finite volume). Then the centraliser of the affine holonomy
group Γ ofM is a connected unipotent group, which is isomorphic to Aˆut(M,∇)0
under the development.
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Proof. In appropriately chosen coordinates, the homomorphism h¯, defined
in (3.8), corresponds to the differential of the holonomy representation h :
Aˆut(M,∇)→ Aff(n). By Proposition 3.3, the tangent Lie algebra of the holon-
omy image is the associative algebra aff(n)Γ, which is a subalgebra in aff(n).
By Proposition 3.5, the elements of aff(n)Γ are nilpotent. If A ∈ ZAff(n)(Γ) is
an affine transformation which centralises Γ then A−En+1 ∈ aff(n)Γ. Thus, A
is a unipotent affine transformation. It follows that ZAff(n)(Γ) is an algebraic
subgroup of Aff(n) consisting of unipotent elements. In particular, ZAff(n)(Γ)
must be connected, and simply connected. It follows that the development
homomorphism (3.7),
h : Aˆut(M,∇)0 → ZAff(n)(Γ)
is a covering map onto, and, in fact, it is an isomorphism. ✷
The following is actually an application of Theorem 9.3.
Corollary 3.7 Let (M,∇) be a flat affine manifold with parallel volume, which
is compact. If an affine vector field on M has a zero, it must be trivial. In
particular, dimAut(M,∇) ≤ n = dimM .
Proof. In fact, by Theorem 9.3, the Zariski closure of Γ acts transitively on
An. This implies that the unipotent group ZAff(n)(Γ) acts without fixed points
on An. ✷
In particular, any locally faithful connection preserving action on a compact
volume preserving affine manifold is locally free (the stabiliser of any point is
discrete).
3.4 Lie groups of isometries
The group of isometries Isom(M,<,>) of a Pseudo-Riemannian manifold is a
finite-dimensional Lie group, and it is a subgroup of the group of affine (connec-
tion preserving) transformations for the Levi-Civita connection of <,>. If M
is compact and <,> is Riemannian then Isom(M,<,>) is compact. The iden-
tity components of the automorphism groups of compact Lorentzian manifolds
are known to be of rather restricted type. (Compare [2, 117, 118]). In fact,
by [118], non-compact semisimple factors in the isometry group of a compact
Lorentzian manifold are locally isomorphic to SL(2,R). Moreover, a connected
solvable subgroup of isometries of a compact Lorentzian manifold is a product
of an abelian group with a 2-step nilpotent group of Heisenberg type (see [117]).
In the presence of a compatible flat torsion-free connection, particular strong
restrictions hold for the group of isometries of a compact Pseudo-Riemannian
manifold (M,<,>). Proposition 3.5 already implies that the identity component
of Isom(M,<,>) is a nilpotent Lie group. Here we show, more specifically, that,
in case (M,<,>) is a compact flat Pseudo-Riemannian manifold, Isom(M,<,>)
is a two-step nilpotent group of rather restricted type. If (M,<,>) is a compact
flat Lorentzian manifold then the identity component Isom(M,<,>)0 is abelian
and consists of translations only.
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3.4.1 Killing vector fields
Let (M,<,>) be a Pseudo-Riemannian manifold and ∇ the Levi-Civita con-
nection for <,>. A vector field X on M is called a Killing vector field if its
flow preserves the metric <,>. Equivalently, we have LX <,> = 0. Thus, X is
Killing if and only if
LX < U, V > = < [X,U ] , V > + < U , [X,V ] > , (3.11)
for all vector fields U, V on M . Since <,> is parallel, (3.11) holds if and only if
AX is skew with respect to <,>. Namely, (3.11) is equivalent to
< ∇UX , V > + < U , ∇VX > = 0 . (3.12)
Let o(M,<,>) denote the Lie algebra of Killing vector fields for (M,<,>).
Since Killing vector fields preserve the Levi-Civita connection, every Killing
vector field is affine. We have the inclusion
o(M,<,>) ⊆ aut(M,∇) .
Lemma 3.8 Let X,Y ∈ o(M,<,>) be Killing vector fields, where Y centralises
X. Then
1. < ∇YX,X > = 0.
2. < ∇XX,Y > = 0.
Proof. Since Y commutes with X , ∇XY = ∇YX . Because Y is Killing, AY is
skew. Hence,
< ∇YX,X >=< ∇XY,X >= − < X,∇XY > .
Thus 1. follows. We note next that LX < Y,X >= 0, since [X,Y ] = 0. Since
<,> is parallel, this implies
0 = < ∇XY,X > + < Y,∇XX >=< ∇YX,X > + < Y,∇XX > .
By 1., < ∇YX,X >= 0, and, hence, 2. holds. ✷
Proposition 3.9 Let X be a Killing vector field whose flow centralises a group
G of isometries of (M,<,>), which has an open orbit on M . Then
1. ∇XX = 0.
If (M,<,>) is also flat then:
2. AXAX = 0.
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Proof. The Killling fields Y corresponding to the action of G span the tangent
spaces on an open subset of M . Thus, ∇XX = 0 is a consequence of Lemma
3.8.
If (M,<,>) is flat then AX is parallel. Therefore,
AXAXY = −AX∇YX = −∇YAXX = ∇Y∇XX = 0 .
Hence, AXAX = 0. ✷
We deduce a few consequences:
Proposition 3.10 Under the assumptions of Proposition 3.9, the following
hold, for all Killing vector fields X, X ′, X ′′, which are commuting with G:
1. [X ′, X ] = −2AX′X = 2AXX ′.
If (M,<,>) is also flat then:
2. AX′AX′′X = AX′′AX′X.
3. [[X ′, X ′′], X ] = 0.
4. A[X,X′] = [AX , AX′ ] = 2AXAX′ .
5. AXAX′AX′′ = 0.
Proof. Note that X + X ′ is Killing and commutes with G. Therefore, by
1. of Proposition 3.9 , ∇X+X′X + X ′ = ∇X′X + ∇XX ′ = 0. It follows that
[X,X ′] = ∇XX ′ −∇X′X = −2AXX ′. Therefore 1. holds.
Next (using 1.) we note that AX′AX′′X = −AX′AXX ′′. Since AX′ is
parallel, −AX′AXX ′′ = −AAX′XX
′′. We remark that the Killing vector fields
centralising G form a Lie algebra with respect to the bracket of vector fields.
Thus, by 1. AX′X is a Killing vector field, and also centralises G. Therefore,
AX′AX′′X = AX′′AX′X . Thus, 2. holds.
Now [[X ′, X ′′], X ] = −2A[X′,X′′]X = −2(AX′AX′′X − AX′′AX′X) = 0 fol-
lows. Thus, 3. holds.
Using polarisation, 2. of Proposition 3.9 implies that AXAX′ = −AX′AX .
Therefore, A[X,X′] = [AX , AX′ ] = 2AXAX′ . Using these facts, we can compute,
AXAX′AX′′ = (AXAX′)AX′′ = −AX′′AXAX′ = AXAX′′AX′ = −AXAX′AX′′ .
✷
Corollary 3.11 Let (M,<,>) be a flat Pseudo-Riemannian manifold which
admits a group G of isometries, which has an open orbit on M . Then
1. The Lie algebra o(M,<,>)G of Killing vector fields on (M,<,>) which
centralise G forms a subalgebra of the associative algebra of affine vector
fields (aut(M,∇), ∗∇).
2. The Lie algebra o(M,<,>)G is (at most) two step nilpotent.
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The result implies that the centraliser of a prehomogeneous group of isome-
tries on Es is a unipotent group, see Corollary 6.25. The main applications
concern the automorphism groups of compact flat Pseudo-Riemannian mani-
folds (see section 3.4.2 below) and the holonomy groups of homogeneous flat
Pseudo-Riemannian manifolds (see section 4.3).
3.4.2 Isometries of compact flat Pseudo-Riemannian manifolds
The following result gives a rough description of the possible connected groups
of isometries of compact flat Pseudo-Riemannian manifolds. It is another con-
sequence of Theorem 9.3:
Theorem 3.12 Let (M,<,>) be a compact flat Pseudo-Riemannian manifold,
and ∇ the Levi-Civita connection. Let X ∈ o(M,<,>) be a Killing vector field.
Then the following hold:
1. If X has a zero then X = 0.
2. AXAX = 0.
3. The Lie algebra o(M,<,>) of Killing vector fields on (M,<,>) forms a
subalgebra of the associative algebra of affine vector fields (aut(M,∇), ∗∇).
4. The Lie algebra o(M,<,>) is (at most) two step nilpotent.
Proof. Let Γ be the holonomy group of (M,<,>). By Theorem 9.3, the
Zariski closure A(Γ) of the holonomy group acts transitively on An. This tran-
sitive group of isometries commutes with the development of the Killing vector
fields on M . Therefore, X cannot have a zero. Moreover, Proposition 3.9 and
Proposition 3.10 imply the next three claims. ✷
Remark The development homomorphism (3.8), h¯ : aut(M,∇) → aff(n),
maps the subalgebra o(M,<,>) to an associative subalgebra of aff(n), which
is contained in o(<,>s). By the theorem, the elements h¯(X) = φXp , X ∈
o(M,<,>), satisfy the conditions Xp /∈ ImAXp and A
2
Xp
= 0. Subalgebras of
linear maps satisfying both conditions appear in the context of complete ho-
mogeneous Pseudo-Riemannian manifolds, as well. (See section 4.3.) Abelian
algebras of this type have been further investigated in [111, 112]. For the con-
struction of non-abelian examples, see section 5.3.2.
On a compact Riemannian manifold with non-positive Ricci curvature, ev-
ery Killing vector field must be parallel, see [71]. This holds also in the flat
Lorentzian case:
Corollary 3.13 Let (M,<,>) be a compact flat Pseudo-Riemannian manifold.
If <,> is Riemannian or <,> has Lorentzian signature then every Killing vector
field on M is parallel.
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Proof. Let X be Killing. By Proposition 3.12, the linear operator AX develops
to a two-step nilpotent element contained in o(<,>). In the Riemannian case
o(<,>) has no non-zero nilpotent elements. For the Lorentzian case, note that
every two-step nilpotent element of o(<,>) is zero. This implies AX = 0, in
both cases. ✷
In section 5.3.2, we construct a compact flat manifold (M,<,>) of dimension
six, with signature s(<,>) = (3, 3), and six-dimensional non-abelian algebra
o(M,<,>).
3.5 Lie groups of symplectic transformations
Let ω be a non-degenerate 2-form on M which is closed. Then (M,ω) is called
a symplectic manifold. A diffeomorphism of M which preserves ω is called a
symplectomorphism of (M,ω). In general, the group of symplectomorphisms
Diffω(M) of a symplectic manifold is very large, and it is not a Lie group, even
if M is compact. However, if M is compact, there do exist strong restrictions
on the finite-dimensional Lie subgroups of Diffω(M). For example, Zwart and
Boothby [116] proved that a compact symplectically homogeneous manifold of
a solvable Lie group S is diffeomorphic to a torus T 2n. More generally, by
Guan’s work [53], for any compact symplectic manifold (M,ω), every connected
solvable Lie subgroup of Diffω(M) is 2-step solvable, with a compact adjoint
image. Moreover, any finite dimensional connected subgroup of Diffω(M) is a
semi-direct product of a compact group and a group S of the above type.
Let (M,ω) be compact symplectic manifold, which admits a compatible flat
affine connection ∇. We show below (cf. Theorem 3.18) that every Lie subgroup
of Diffω(M), which also preserves ∇, is abelian.
Remark The above mentioned restrictions do not apply if M is non-
compact. For example, there do exist plenty solvable Lie subgroups of Diff(Rn),
not 2-step solvable, which preserve the standard symplectic structure on R2n.
Such examples may be constructed using solvable Lie groups with left-invariant
symplectic structure (symplectic Lie groups). See section 6.5.2, for a particular
construction method for such groups, which also produces non-solvable exam-
ples. Further examples are discussed, for example, in [103].
3.5.1 Symplectic vector fields
A vector field X on (M,ω) is called a symplectic vector field if its flow preserves
ω. Equivalently, X satisfies LXω = 0, which means that
LX ω(U, V ) = ω([X,U ], V ) + ω(U, [X,V ]) ,
for all vector fields U, V on M .
Lemma 3.14 Let X,Y, Z be symplectic vector fields on (M,ω). Then
ω(X, [Y, Z]) + ω(Z, [X,Y ]) + ω(Y, [Z,X ]) = 0 . (3.13)
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Proof. Since dω = 0, for all vector fields X,Y, Z on M , the relation
LX ω(Y, Z) + LZ ω(X,Y ) + LY ω(Z,X)+
ω(X, [Y, Z]) + ω(Z, [X,Y ]) + ω(Y, [Z,X ]) = 0
(3.14)
is satisfied. If X,Y, Z are symplectic, LXω = LY ω = LZω = 0. It follows that
LX ω(Y, Z) + LY ω(Z,X) + LZ ω(X,Y ) =
− 2 (ω(X, [Y, Z]) + ω(Z, [X,Y ]) + ω(Y, [Z,X ]) ) .
Substituting the right hand side in (3.14), the lemma follows. ✷
Proposition 3.15 Let (M,ω) be a symplectic manifold which admits a Lie
group G ≤ Diffω(M), which acts transitively on M . Then every connected
Lie subgroup of Diffω(M), which centralizes G, is abelian.
Proof. Let X,Y be vector fields on M , whose flows preserve ω, and which
centralise G. Let Z be a vector field tangent to G. Since X,Y, Z are symplectic,
equation (3.13) holds. Since [X,Z] = [Y, Z] = 0, it follows that
ω(Z, [X,Y ]) = 0 .
Since G acts transitively on M , the tangent spaces at every point x ∈ M , are
spanned by vectors Zx, where Z is tangent to G. Hence, [X,Y ] = 0. This proves
the proposition. ✷
The following special case of Proposition 3.15 is well known:
Corollary 3.16 Let (G,ω) be a symplectic Lie group, where ω is biinvariant.
Then G is abelian.
Symplectic affine vector fields
Let (M,∇, ω) be a flat affine manifold with parallel symplectic form ω. As in
the metric case, a vector field X is symplectic if and only if AX is skew with
respect to ω. An affine vector field X on (M,∇) which is also symplectic is
called a symplectic affine vector field. The symplectic affine vector fields form a
Lie subalgebra s(M,∇, ω) of aut(M,∇).
The following gives a useful analogue of Lemma 3.8 for the symplectic case:
Lemma 3.17 Let X be a symplectic affine vector field on (M,∇, ω), and let
Y, Z be symplectic affine vector fields which commute with X. Then
2ω(AXAXY, Z) = ω(∇XX, [Y, Z]) . (3.15)
Proof. The proof is a straightforward computation. See [12, Proof of Theorem
9] for a special case. ✷
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3.5.2 Automorphisms of compact symplectic affine manifolds
On a symplectic affine manifold M the group of affine symplectic transforma-
tions forms a Lie subgroup of Diffω(M). If M is compact, we show that this
group must be abelian. In fact, the following holds:
Theorem 3.18 Let (M,∇) be a compact flat affine manifold with parallel sym-
plectic structure ω. Then the identity component of the group of symplectic affine
transformations is an abelian group which develops to a unipotent subgroup of
symplectic affine transformations of Rn.
Proof. Let Γ ≤ Aff(ωn) be the holonomy group ofM . The group of symplectic
affine transformations Aˆut(M,∇, ω)0 develops onto a subgroup h(Aˆut(M,∇, ω)0)
of Aff(ωn) (compare section 3.2). This group centralises Γ, and therefore also
the Zariski closure A(Γ) ≤ Aff(n). The Zariski closure A(Γ) is a group of
symplectic affine transformation which acts transitively on affine space A2n (by
Theorem 9.3). Thus, by Proposition 3.15, h(Aˆut(M,∇, ω)0) must be abelian.
Hence, so is Aut(M,∇, ω)0. ✷
It follows that a compact affine manifold which is homogeneous under the
group of symplectic affine transformations must be diffeomorphic to a torus:
Corollary 3.19 Let (M,∇) be a compact flat affine manifold with parallel sym-
plectic structure which is homogeneous for the group of symplectic affine trans-
formations. Then M is diffeomorphic to a torus.
Let s(M,∇, ω) denote the Lie algebra of symplectic affine vector fields on
M . As shown above, if M is compact then s(M,∇, ω) is abelian. We further
note:
Proposition 3.20 Let (M,∇) be a compact flat affine manifold with parallel
symplectic structure ω. Then the following hold:
1. The Lie algebra of symplectic affine vector fields s(M,∇, ω) is abelian, and
dim s(M,∇, ω) ≤ dimM .
2. For all X,Y ∈ s(M,∇, ω), AXAXY = 0.
Proof. The Lie algebra s(M,∇, ω) is abelian, by Theorem 3.18. Let X¯ be the
development image of X and Y . Let Z ∈ s(An, ωn) be a symplectic affine vector
field on An centralising X¯ and Y¯ . By Lemma 3.17, we obtain ωn(AX¯AX¯ Y¯ , Z) =
0. Since A(Γ) acts transitively, the vector fields Z commuting with Y¯ and X¯
span all tangent spaces. Therefore, AXAXY = 0. ✷
If (M,∇, ω) is homogeneous then s(M,∇, ω) forms a subalgebra of the alge-
bra of affine vector fields:
Proposition 3.21 If M is homogeneous under the group of symplectic affine
transformations then
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1. For X,Y ∈ s(M,∇, ω), AXAY = 0.
2. s(M,∇, ω) forms a subalgebra of the associative algebra (aut(M,∇, ∗∇).
Proof. Since M is homogeneous, the vector fields Y ∈ s(M,∇, ω) span all
tangent spaces. Therefore, AXAX = 0, for allX ∈ s(M,∇, ω). Since s(M,∇, ω)
is abelian, also AXAY = 0. ✷
Remark The structure and classification of algebras which are appearing
in Proposition 3.21 have been investigated in [12].
4 Homogeneous model spaces
Let G be a Lie group, and H ≤ G a closed subgroup. Then X = G/H is
a homogeneous space for G. If X admits a flat affine connection ∇, which is
G-invariant, then (X,∇) is called a flat affine homogeneous space. Let Γ ≤ G
be a discrete subgroup, such that the quotient space
M = Γ \G/H
is a manifold. Since ∇ is invariant by Γ, M inherits a flat connection ∇, such
that the natural map (X,∇) → (M,∇) is an affine covering map. Then M is
called a Clifford-Klein form for X = G/H , and the (simply connected) covering
space (X,∇) is called a global model for (M,∇).
The Auslander and Markus conjectures suggest a strong relationship between
the geometry of a flat affine homogeneous space (X,∇), and the existence of
compact Clifford-Klein forms for X .
The following result a consequence of Theorem 9.3:
Theorem 4.1 Let (X = G/H,∇) be a flat affine homogeneous space. If X
has a compact Clifford-Klein form (M,∇) with parallel volume then (X,∇) is
complete.
In particular, if the universal covering (X,∇) of a compact volume preserving
flat affine manifold (M,∇) is homogeneous under its group of affine transfor-
mations, then (M,∇) is complete.
In general, it seems difficult to understand the precise conditions on an
arbitrary flat affine homogeneous space (X,∇), which ensure the completeness
of (X,∇). For flat affine Lie groups (G,∇), a simple characterisation is known
(see section 5). An approach to the general problem will be introduced in section
7 and section 8. In particular, we will prove the following result:
Theorem 4.2 Let (M,∇) be a homogeneous flat affine manifold for a nilpotent
Lie group G. Then M is complete if and only if G preserves a parallel volume
form on M .
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The theorem is a direct consequence of a corresponding result for affine homo-
geneous domains of nilpotent groups (see section 7.3).
In what follows, we will then mainly investigate compact homogeneous affine
manifolds. Before doing so, we discuss the development map of a homoge-
neous space and indicate the proofs of Theorem 4.1 and Theorem 4.2 in section
4.1. Next we provide a structure theorem for volume preserving compact ho-
mogeneous affine manifolds in section 4.2.1. This result implies a direct proof
(independent of Theorem 4.1) that every compact volume preserving homo-
geneous affine manifold is complete. As another consequence of the structure
theorem, we derive a classification theorem for compact flat Pseudo-Riemannian
homogeneous manifolds. We also show that a compact symplectic homogeneous
affine manifold is diffeomorphic to a torus. In section 4.3 we further discuss the
properties of the holonomy groups of homogeneous manifolds.
4.1 The development map of a homogeneous space
Recall that a group action on An is called prehomogeneous if it has a Zariski-
dense open orbit. A subset of An is semi-algebraic if it is defined by polynomial
equations and inequalities. The following is a basic observation:
Proposition 4.3 Let (M,∇) be a homogeneous flat affine manifold. Then the
development map is a covering map, and its development image is a semi-
algebraic subset in An. Let G be a group which acts transitively on (M,∇).
Then its universal covering group acts prehomogeneously on An by the develop-
ment homomorphism.
Proof. Let G be a Lie group which acts transitively on (M,∇), and G˜ ≤
Aff(M˜) be a covering group, which lifts the action of G. Then the development
h(G˜) ≤ Aff(n) acts transitively on the development image U = D(M˜). In fact,
it follows that U ⊆ An is an affinely homogeneous domain. By Proposition 6.8,
every affinely homogeneous domain U is a semi-algebraic subset of Rn. The
development map D : M˜ → U is a covering map, because it identifies with a
covering of homogeneous spaces M˜ = G˜/H˜ → h(G˜)/L = U , which is induced
by the locally faithful homomorphism h : G˜→ Aff(n). ✷
Proof of Theorem 4.1 Since X has a compact Clifford-Klein form with parallel
volume, its development image is a homogeneous affine domain U , which is
divisible by volume preserving affine transformations. Hence, by Corollary 9.4,
U = An. Since D is a covering, (X,∇) must be complete. ✷
Proof of Theorem 4.2 Assume M has a transitive volume preserving action of
some nilpotent Lie group. Then the universal coveringX ofM is a homogeneous
space for a nilpotent Lie group N of affine transformations, which preserves a
parallel volume form. The development of N preserves the parallel volume on
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An, and acts prehomogeneously. By Corollary 7.8, the development of N acts
transitively on An, and therefore D(X) = An. Since D is a covering, it must be
a diffeomorphism. Therefore, M is complete.
The converse is a direct consequence of Corollary 7.8. ✷
4.2 Compact homogeneous affine manifolds
Robert Hermann [57] observed that a compact Pseudo-Riemannian manifold
which admits a transitive group of isometries must be complete (see [82] for a
complete proof).
Example 4.1 Consider GL(n,R) as an open subset in Rn
2
. Then the natural
affine strucure on GL(n,R) is invariant under left- and right-translations on the
group. As a consequence of a result of Borel [21], there exist cocompact lattices
Γ ≤ GL(n,R). The compact manifold M = GL(n,R)/Γ inherits an affine flat
structure, and GL(n,R) acts as a transitive group of affine transformations on
(M,∇). Thus (M,∇) is a compact affinely homogeneous manifold, which is not
complete.
Markus’ conjecture asserts that an (orientable) compact flat affine manifold
is complete if and only if it admits a parallel volume form. The conjecture
is known to hold for compact affinely homogeneous affine manifolds. (This is
proved in [45]. See section 9.2 for further discussion.) We obtain an independent
proof in Corollary 4.5 below.
4.2.1 Compact homogeneous manifolds with parallel volume
We have the following structure result for compact homogeneous flat affine man-
ifold with parallel volume:
Theorem 4.4 Let (M,∇) be a compact homogeneous flat affine manifold with
volume preserving affine structure. Then the following hold:
1. (M,∇) is affinely diffeomorphic to a quotient space of a simply connected
nilpotent affine Lie group (N,∇) with biinvariant affine structure ∇ by a
discrete subgroup Γ ≤ N .
2. (M,∇) is geodesically complete.
Furthermore, every parallel tensor field on (M,∇), which is preserved by the
action of N , pulls back to a biinvariant (and parallel) tensor field on N .
Proof. By Proposition 3.5, the group of affinities Aˆut(M,∇)0 develops to a
connected unipotent Lie group. Moreover, M is a compact homogeneous space
of the simply connected nilpotent Lie group N = Aˆut(M,∇)0. Since N acts
almost effectively on M , if follows that dimN = dimM (see [78]). Therefore,
M = N/Γ is a quotient of N by a uniform discrete subgroup Γ ≤ N . Pull back
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∇ to obtain a left-invariant affine connection ∇ on N , which is right-invariant
under the lattice Γ. Since Γ is Zariski-dense in the adjoint representation (see
[95]), ∇ is a biinvariant connection on N . (In fact, ∇ is determined by the
associative product structure ∗∇ on the Lie algebra aut(M,∇) = n.) The volume
preserving left-invariant connection ∇ on the nilpotent Lie group N is complete.
(See section 5.2.2.) Therefore, M is complete. ✷
Remark By a result of Mostow [87] (see also, [95, 101]), a finite volume
homogeneous space of a solvable Lie group is compact. Thus, the above proof
also shows that a finite volume homogeneous affine manifold is compact and
geodesically complete.
The Markus conjecture holds for compact homogeneous affine manifolds:
Corollary 4.5 Let (M,∇) be a compact homogeneous flat affine manifold. Then
(M,∇) is complete if and only if (M,∇) has parallel volume.
Proof. If (M,∇ has parallel volume Theorem 4.4 applies.
Assume now that (M,∇) is complete. Then, as already remarked in the
beginning of section 3.3, Aut(M,∇)0 is a nilpotent Lie group, which develops
to a unipotent subgroup of Aff(n). Therefore, as in the proof of Theorem
4.4, M = N/Γ, where N is a nilpotent Lie group with complete left invariant
affine connection ∇, such that (N,∇) → (M,∇) is an affine covering. Since
N is nilpotent and ∇ is complete, the left-multiplications on N are volume
preserving affine transformations (see section 5.2.2). Since N is nilpotent, also
the right-multiplications preserve the left-invariant parallel volume on N . Since
hol(π1(M)) = Γ is contained in the right-multiplications on N , Γ preserves the
parallel volume on N . This shows that (M,∇) has parallel volume. ✷
Note also that Theorem 4.4 strengthens the completeness result in [57, 82]
considerably, since it is only required that the group of affinities Aut(M,∇<,>)
acts transitively on M , to ensure completeness.
4.2.2 Pseudo-Riemannian examples
Let (M,<,>) be a homogeneous flat Pseudo-Riemannian manifold, which is
compact. Then, by the above, (M,∇<,>) is complete. Moreover, the following
structure theorem holds:
Theorem 4.6 LetM be a compact (or finite volume) homogeneous flat Pseudo-
Riemannian manifold. Then M is isometric to a quotient of a flat Pseudo-
Riemannian Lie group N with biinvariant metric.
Proof. In fact, by Theorem 4.4, (M,<,>) is isometric to a quotient of a nilpo-
tent flat Pseudo-Riemannian Lie group (N,<,>) with biinvariant metric <,>,
such that the natural (orbit-) map N → M = N/Γ is a Pseudo-Riemannian
covering. ✷
Theorem 4.6 implies the following strong geometric rigidity property for com-
pact homogeneous flat Pseudo-Riemannian manifolds:
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Corollary 4.7 LetM andM ′ be compact homogeneous flat Pseudo-Riemannian
manifolds with isomorphic fundamental groups. Then M and M ′ are affinely
diffeomorphic.
Proof. As above, we write M = N/Γ and M ′ = N ′/Γ′, where Γ, Γ′ are lattices
in the simply connected nilpotent Lie groupsN andN ′, respectively. By Malcev-
rigidity, cf. [78], every isomorphism φ : Γ → Γ′ extends to an isomorphism of
Lie groups Φ : N → N ′. We contend that Φ is an affine isomorphism of
metric Lie groups (N,<,>) → (N ′, <,>′). In fact, both <,> and <,>′ are
biinvariant metrics, and therefore (see [90, Proposition 11.9]), the Levi-Civita
connection ∇ (respectively ∇′) is the canonical torsion-free connection on the
Lie group N (respectively N ′). That is, for left-invariant vector fields X and Y ,
∇XY =
1
2 [X,Y ]. In particular, it follows that the isomorphism of Lie groups
Φ is affine with respect to ∇ and ∇′. Therefore, the induced diffeomorphism
Φ¯ :M →M ′ is affine. ✷
In particular, the fundamental group π1(M) determines the Levi-Civita con-
nection on a compact homogeneous flat Pseudo-Riemannian manifold M up to
affine equivalence.
Example 4.2 If π1(M) is abelian then π1(M) ∼= Z
n, and M = T n is diffeo-
morphic to a torus. Moreover, by Corollary 4.7, every homogeneous flat mani-
fold (T n, <,>) is isometric to a quotient of Es by a lattice of translations. The
affine structure of (T n, <,>) is the uniquely determined translational structure
on T n.
Remark In fact, every flat metric on the torus T n is homogeneous, and thus
isometric to a quotient of Es by a lattice of translations. To the contrary, the
set of affine equivalence classes of volume preserving complete affine structures
on T n is rather large. See [9, 13] for further discussion.
A nilpotent Lie group N , which acts transitively by isometries on a compact
flat Pseudo-Riemannian manifold M is of rather restricted type:
Lemma 4.8 LetM = N/Γ be a compact homogeneous flat Pseudo-Riemannian
manifold. Then N is a two-step nilpotent Lie group.
Proof. Remark (see [90, loc. cit.]), that the curvature of the Levi-Civita connec-
tion ∇ of the biinvariant flat metric <,> on N is computed as, R∇(X,Y )Z =
1
4 [X, [Y, Z]], for all left-invariant vector fields X,Y, Z. Since <,> is flat, this
implies [X, [Y, Z]] = 0. It follows that N is two-step nilpotent. ✷
Note also that every quotient space M = N/Γ of a flat Pseudo-Riemannian
Lie group N with biinvariant metric by a discrete subgroup Γ is a homogeneous
flat Pseudo-Riemannian manifold. In fact, left-multiplication in N induces a
transitive isometric action of N on M = N/Γ.
In section 5.3.1, we will discuss the structure of flat Pseudo-Riemannian Lie
groups with biinvariant metric in detail. In particular, see Corollary 5.14, we
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explicitly construct a family of such Lie groups, which gives rise to an interesting
class of examples of compact (complete) homogeneous flat Pseudo-Riemannian
manifolds with non-abelian fundamental group. This is summarised in Corol-
lary 4.10 below.
First, we state a few general consequences concerning the classification of
compact homogeneous flat Pseudo-Riemannian manifolds:
Corollary 4.9 LetM be a compact homogeneous flat Pseudo-Riemannian man-
ifold. Then the following hold:
1. If dimM ≤ 5 then M is isometric to a translation torus (that is, M is a
quotient of Es, by a lattice of translations).
2. The fundamental group Γ of M is two-step nilpotent.
The first examples of compact homogeneous flat Pseudo-Riemannian mani-
folds with non-abelian fundamental group arise in dimension six. More generally,
there is an interesting class of examples, as follows:
Corollary 4.10 Let N/Γ be a compact two-step nilmanifold (where Γ is a lattice
in the two-step nilpotent Lie group N , n = dimN). Then there exists a flat
rankn torus torus bundle
T n →M → N/Γ
such that M admits a homogeneous flat Pseudo-Riemannian metric of signature
s = (n, n) with totally geodesic and isotropic fibers T n.
Proof. Let A : N → GL(n∗) denote the coadjoint representation of N on the
dual n∗ of its Lie algebra n. By Corollary 5.3.1, the corresponding semidirect
product N ⋊A n
∗ admits a flat biinvariant Pseudo-Riemannian metric of signa-
ture (n.n), n = dimM . Now Γ is a lattice in N , and under the representation
A, maps to a finitely generated subgroup of the group of unipotent upper tri-
angular matrices with rational coefficients relative a basis of n. In particular,
A(Γ) preserves a lattice Λ ∼= Zn in n∗. The semi-direct product Γ′ = Γ ⋊A Λ
is a lattice in N ⋊A n
∗, and the manifold M = N ⋊A n
∗/Γ′ has the required
properties. ✷
In particular, let Γ be a torsion-free finitely generated two-step nilpotent
group. Then Γ arises as a quotient Γ = Γ′/Λ, where Γ′ is the holonomy of a
compact homogeneous flat Pseudo-Riemannian manifold, and Λ is an abelian
normal subgroup of Γ′, with rankΛ = rankΓ.
Example 4.3 In dimension n = 6, there exist up to affine equivalence two
classes of compact homogeneous flat Pseudo-Riemannian manifolds. The six-
dimensional translation torus T 6, and torus bundles T 3 →M6,Γ → H3/Γ, where
Γ is a lattice in the three-dimensional Heisenberg group H3.
34
4.2.3 Symplectic examples
As noted before, and contrasting the Pseudo-Riemannian situation, only tori
admit the structure of a homogeneous symplectic flat affine manifold. However,
such a structure is, in general, not affinely equivalent to a translation torus:
Corollary 4.11 LetM be a compact (or finite volume) homogeneous symplectic
flat affine manifold. Then M is a compact abelian flat affine symplectic Lie
group. In particular, M is diffeomorphic to a torus.
Proof. By Theorem 4.4, (M,∇) is a quotient of an affine symplectic Lie group
N with biinvariant symplectic structure. By Proposition 3.16, N is abelian.
(To show that M is a torus, we might have applied the classification results
for connected groups of symmetries of compact symplectic manifolds given in
[116, 53], as well.) ✷
Note that the space of affine equivalence classes of flat symplectic connections
on the torus T 2n is very large. In fact, as is shown in [12], the set of simply
connected abelian flat affine symplectic Lie groups forms an algebraic variety of
(real) dimension n3. For the precise classification result and further geometric
properties of abelian flat affine symplectic Lie groups, see [12].
4.3 Holonomy of homogeneous affine manifolds
The fundamental group of a homogeneous flat Riemannian manifold is abelian,
and its holonomy acts by translations. Starting in dimension five, there do exist
complete flat homogeneous Pseudo-Riemannian manifolds with abelian but non-
translational holonomy group, see [107]. As Example 4.1 shows, the holonomy
of a (compact) homogeneous affine manifold can be far away from being abelian
or nilpotent. This example is however a non-complete manifold.
Theorem 4.12 Let Γ ≤ Aff(n) be the holonomy group of a complete affinely
homogeneous affine manifold. Then Γ is a unipotent subgroup of Aff(n).
Proof. Since M is homogeneous, the development G of Aff(M,∇) acts tran-
sitively on the development image of M , which is An. Moreover, Γ centralises
G. By Proposition 6.15, the centraliser of the transitive group G is a connected
unipotent group. In particular, Γ is unipotent. ✷
In particular:
Corollary 4.13 The fundamental group of a complete affinely homogeneous
affine manifold is nilpotent.
4.3.1 Holonomy of homogenous flat Pseudo-Riemannian manifolds
The above result can be strengthened considerably for homogeneous flat Pseudo-
Riemannian manifolds even without the assumption of completeness.
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Proposition 4.14 Let Γ ≤ E(s) be the holonomy group of a homogeneous flat
Pseudo-Riemannian manifold. Then Γ is a unipotent group, and Γ is nilpotent
of nilpotency class at most two.
Proof. Let (M,<,>) be a homogeneous flat Pseudo-Riemannian manifold.
The development image of M is a Pseudo-Riemannian domain U in Es, which
is homogeneous with respect to the development G of Isom(M,<,>). The
holonomy group Γ preserves the domain U and is contained in the centraliser
of G in the full isometry group E(s). By Corollary 6.25, the centraliser is a
connected unipotent group of nilpotency class at most two. In particular, Γ has
this property. ✷
Remark The proposition leads to a classification theory of flat homoge-
neous Pseudo-Riemannian manifolds, which are complete. Wolf studied the clas-
sification of complete homogeneous Pseudo-Riemannian manifolds with abelian
holonomy Γ, discovering interesting phenomena, see [107, 111, 112]. In section
4.2.2, we proved the existence of a six-dimensional compact (complete) homo-
geneous Pseudo-Riemannian manifold with non-abelian holonomy Γ. Moreover,
all examples constructed in section 4.2.2 relate to certain two-step nilpotent Lie
groups. It remains to join these results to a full structure theory for complete
flat homogeneous Pseudo-Riemannian manifolds.
The determination of all homogeneous flat Pseudo-Riemannian manifolds
(that is, including non-complete examples) seems not at hand, because of the dif-
ficulties associated with the classification of homogeneous Pseudo-Riemannian
domains. (See section 6.6.)
We mention furher that Proposition 4.14 admits an analogous version for
symplectically homogeneous affine manifolds. This is a consequence of Propo-
sition 6.28 below:
Proposition 4.15 Let Γ ≤ Aff(ωn) be the holonomy group of a symplectically
homogeneous affine manifold with parallel symplectic form. Then Γ is an abelian
group of unipotent symplectic affine transformations.
5 Flat affine Lie groups
We consider a particular tractable class of homogeneous spaces, namely those
which admit a simply transitive group of equivalences. Many phenomena can be
illustrated, and in many cases examples constructed from flat affine Lie groups
serve as the basic building blocks of the theory.
5.1 Left-invariant geometry on Lie groups
Let G be a Lie group. Recall that a geometric structure on G is called left-
invariant if it is preserved by all left-multiplication maps lg : G → G, g ∈ G.
A connection ∇ on G is called a left-invariant connection if, for all g ∈ G,
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lg is a connection preserving diffeomorphism. A Pseudo-Riemannian metric is
called left-invariant if all left-multiplications are isometries. More generally, if
G has the structure of an (X,A)-manifold then the structure on G is called
left-invariant if all left multiplications are (X,A)-equivalences.
Definition 5.1 Let G be a Lie group and ∇ a connection on G. If ∇ is flat
affine and left-invariant, then (G,∇) is called a flat affine Lie group. Moreover,
∇ is called a flat left-invariant connection of type A, where A ≤ Aff(n), if (G,∇)
has a compatible left-invariant locally homogeneous structure of type (An,A).
In the latter situation we shall call the pair (G,∇) a flat affine Lie group of
type A. If <,> is a flat left-invariant metric, then (G,<,>) is called a flat
Pseudo-Riemannian Lie group.
Example 5.1 Let ∇<,> be the Levi-Civita connection of a flat Pseudo-Rie-
mannian Lie group. Then (G,∇<,>) is a flat affine Lie group of type E(s).
5.1.1 Left-symmetric algebras
There is a one to one correspondence of left-invariant flat affine connections ∇
on the simply connected group G, with left-symmetric algebra structures on
the Lie algebra g of left-invariant vector fields on G. In fact, if X,Y are left-
invariant then ∇XY = −Y ∗∇X is a left-invariant vector field. Hence ∇ defines
a left-symmetric product on g. (Compare section 3.1.2.) The flat connection ∇
is a biinvariant connection if and only if the induced product is associative.
Example 5.2 Let N be a two-step nilpotent Lie group. The Lie algebra of
left-invariant vector fields n thus satisfies [n, [n, n]] = {0}. It follows that the
canonical torsion-free connection on N , defined by
∇XY =
1
2
[X,Y ] , X, Y ∈ n ,
is flat. Therefore, N is naturally a flat affine Lie group with biinvariant flat
connection ∇. The bilinear product X · Y := ∇XY defines an associative al-
gebra structure on n. (See [93, 94] for more constructions of left-invariant flat
connections on nilpotent Lie groups.)
5.2 The development map of a flat affine Lie group
Let ρ : G→ Aff(n) be a homomorphism. Recall that ρ is called an e´tale affine
representation (see Definition 6.3) if there exists x ∈ Rn such that the orbit
map at x
ox : G→ A
n, g 7→ ρ(g) · x
is a local diffeomorphism onto an open subset U of An. The representation ρ is
simply transitive if ox is a diffeomorphism for one (and, hence, for all) x ∈ An.
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Example 5.3 Let ρ : G → A be an e´tale affine representation, and x ∈ An
such that ox : G → An is a local diffeomorphism. By pull back of the standard
flat connection on An along ox, we obtain a flat left invariant connection of type
A on G.
Moreover, every flat left invariant connection of type A arises in this way:
Proposition 5.2 Let G be a simply connected Lie group, and ∇ a a torsion-free
flat connection on G. Then the following are equivalent:
• ∇ is a left-invariant connection of type A.
• There exists an e´tale affine representation ρ : G → A, and x ∈ Rn, such
that ∇ and its compatible (An,A)-structure are a pullback along the orbit
map ox.
Moreover, the connection ∇ is complete if and only if ρ is simply transitive.
Proof. Let D : G → An be any development map for the compatible left-
invariant (An,A)-structure. Let h denote the holonomy homomorphism with
respect to D. Since the locally homogeneous structure is compatible with ∇,
the map D is also an affine map (G,∇) → An. Since the maps lg : G→ G are
equivalences for the locally homogeneous (An,A)-structure on G, ρ(g) = h(lg)
defines a representation ρ : G→ A.
We put x = D(1). Then, by (2.2),
D(g) = D(lg1) = ρ(g)D(1) = ox(g) .
Thus, the orbit map for ρ at x = D(1) is the development map D. This shows
that ρ is an e´tale affine representation, and the left-invariant (An,A)-structure
on G is obtained by pullback along ox. ✷
5.2.1 The boundary of the development image
An e´tale affine representation ρ : G → A, which induces a flat left-invariant
connection ∇ of type A, as in Proposition 5.2, will be called a compatible e´tale
affine representation for ∇.
Corollary 5.3 The development map of a flat affine Lie group (G,∇) is a
covering map onto its image, and it is an orbit-map for any compatible e´tale
affine representation of its universal covering group (G˜,∇).
Proof. Since D : G˜ → An is a local diffeomorphism and an orbit-map, it is a
covering map. ✷
Let Ad : G → GL(g) denote the adjoint representation of G. Furthermore,
if (G,∇) is affine we put det∇ l : G→ R
6=0 for the character which is obtained
by the left-action of G on parallel volume forms.
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Theorem 5.4 Let (G,∇) be a flat affine Lie group. Then the following hold:
1. Either (G,∇) is complete or the development image of (G,∇) is a con-
nected component of the complement of a non-empty hypersurface in Rn,
n = dimG. In particular, the development image is a semialgebraic subset
of Rn.
2. Assume that G is simply connected. Then the connection ∇ is complete if
and only if detAd(g)−1 det∇ lg = 1, for all g ∈ G.
Proof. In fact, the development image of G is the orbit ρ(G˜)x, for a compatible
affine e´tale representation ρ for the induced flat structure on G˜. By section 5.4,
D(G˜) = ρ(G˜)x is a connected component of the open semi-algebraic subset
Uδ = {x ∈ Rn | δ(x) 6= 0} ⊆ Rn, where δ = δ(ρ) is the relative invariant
for ρ. This implies 1. Moreover, since D is a covering map, ∇ is complete if
and only if D is surjective. If G is simply connected, the volume character of
G satisfies det∇ lg = det ρ∇(g), for any compatible e´tale affine representation
ρ∇ : G˜→ Aff(n). Thus 2. follows from Theorem 5.19 below. ✷
5.2.2 Completeness and unimodularity of flat affine Lie groups
Let (G,∇) be a flat affine Lie group. If ∇ is complete then, by Proposition 5.2,
the universal covering Lie group of G acts simply transitively on affine space.
This, more or less, reduces the study of complete affine Lie groups to a study of
simply transitive representations on affine space. (See [5], for a seminal paper
on simply transitive groups of affine transformations.)
Corollary 5.5 Let (G,∇) be a flat affine Lie group. If ∇ is complete then G
is a solvable Lie group.
Proof. By Levi’s theorem G˜ splits as a semi-direct product of a semisimple
group H and a solvable Lie group S. Now G˜ can not have a reductive Levi-
component H since every affine representation of H has a fixed point. Hence,
G˜ = S must be solvable. ✷
Recall that a Lie groupG is called unimodular if detAd(g) = 1, for all g ∈ G.
If a flat Lie group (G,∇) has a left-invariant parallel volume form, we call it
volume preserving.
Corollary 5.6 Let (G,∇) be a volume-preserving flat affine Lie group. Then
(G,∇) is complete if and only if G is unimodular.
Corollary 5.7 Let (G,∇) be a flat affine Lie group, where G is unimodular.
Then (G,∇) is complete if and only if (G,∇) is a volume-preserving flat affine
Lie group.
Example 5.4 (Semi-simple Lie groups are not affine.) Let S be a semisim-
ple Lie group. Then S does not admit a flat left-invariant connection.
For further generalisation, see section 5.4.2.
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5.3 Flat Pseudo-Riemannian Lie groups
Corollary 5.8 Let (G,<,>) be a flat Pseudo-Riemannian Lie group. Then
(G,∇<,>) is complete if and only if G is unimodular. In particular, a unimod-
ular flat Pseudo-Riemannian Lie group is solvable.
Example 5.5 A flat Pseudo-Riemannian Lie group (G,<,>), with biinvariant
metric <,> is complete and G is a two-step nilpotent Lie group. (See section
5.3.1 below.)
The above corollary already excludes a large class of Lie groups from carrying
flat left-invariant metrics:
Example 5.6 Let G = GL(n,R). Since G is an open subset of Rn
2
, it has a
natural structure of a flat affine Lie group. However, G does not admit a volume
preserving flat left-invariant connection. In particular, G does not admit a flat
Pseudo-Riemannian metric.
The latter argument holds for all reductive Lie groups G. Here we call
Lie group reductive if it is an almost semi-direct product of its center and a
semisimple Lie group. Such a group is necessarily unimodular. Hence:
Corollary 5.9 Let G be reductive. Then G does not admit a volume preserving
flat left-invariant connection. In particular, G does not admit a left-invariant
flat Pseudo-Riemannian metric.
Remark Similar restrictions, as stated here for the Pseudo-Riemannian
case, also hold for symplectic affine Lie groups.
Concerning the existence of flat Pseudo-Riemannian Lie groups (G,<,>),
where G is not solvable, we observe:
Example 5.7 Every flat Lorentzian Lie group G is solvable. This is a conse-
quence of the classification of homogeneous domains in En−1,1. In fact, every
such domain is diffeomorphic to Rn. (See section 6.6, repectively [35].) There-
fore, the universal covering group G˜ of G is diffeomorphic to Rn. It can not
have a reductive part, since ˜SL(2,R) does not admit a faithful representation.
Not every flat Pseudo-Riemannian Lie group is solvable, as the following
example shows:
Example 5.8 Let U = GL(2,R) ⊂ A4. Then the dual tube domain Tˇ (U) ≤
E4,4 is a homogeneous Pseudo-Riemannian domain, which has a simply transi-
tive isometric action of the group GL(4,R)⋉ (R4)∗. (Compare section 6.5.2.)
Question 4 Are flat Pseudo-Riemannian Lie groups of signature s = (n −
2, 2), (n− 3, 3) always solvable?
Milnor [85] gives the classification and structure of simply connected flat
Riemannian Lie groups. These are automatically complete. In [49] (see also [3]
for the case of nilpotent Lie groups) the classification of all simply connected
complete flat Lorentzian Lie groups is described.
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5.3.1 Flat biinvariant metrics on Lie groups
A left-invariant metric <,> onG is called biinvariant if the right-multiplications
of G are isometries as well. If G is connected, <,> is biinvariant if and only
if the induced scalar product <,> on the Lie algebra g is skew with respect to
the Lie bracket. That is, <,> is biinvariant iff, for all X,Y, Z ∈ g,
< [X,Y ], Z > = − < Y, [X,Z] > . (5.1)
The following fact was already used in the proof of Corollary 4.7:
Lemma 5.10 Let (G,<,>) be a Pseudo-Riemannian Lie group with biinvari-
ant metric. Then the Levi-Civita connection ∇ = ∇<,> is the canonical torsion-
free connection on G, that is, ∇XY =
1
2 [X,Y ], for all X,Y ∈ g. Moreover,
(G,<,>) is flat if and only if G is two-step nilpotent.
Corollary 5.11 Every flat Pseudo-Riemannian Lie group with biinvariant met-
ric is complete.
5.3.2 Construction of flat biinvariant metric Lie algebras
We describe now a method, which allows to construct examples of flat biinvariant
metric Lie algebras (g, <,>). This, of course, implies the construction of flat
Lie groups with biinvariant metric.
Coadjoint extensions Let n denote a Lie algebra, and n∗ its dual vector
space. By the coadjoint representation ad∗ : n → gl(n∗), n∗ is a module for n.
Let ω ∈ Z2(n, n∗) be a two-cocycle (cf. Appendix B). To ω there belongs a Lie
algebra extension
0→ n∗ → tn,ω → n→ 0 ,
where n∗ is an abelian ideal in tn,ω. PutW = n
∗⊕n for the direct sum of vector
spaces. Explicitly, the Lie algebra tn,ω arises from the Lie product on W , which
is declared by
[(λ, v), (λ′, v′)] = (ad∗(v)λ′ − ad∗(v′)λ+ ω(v, v′), [v, v′]) .
(See, for example, [77] for the general theory of Lie-algebra extensions.)
Next we define a natural scalar product <,>o of signature s = (n, n) on W ,
where n = dim n. With respect to <,>o, n and n
∗ are dual totally isotropic
subspaces under <,>o. Moreover, if v ∈ n and λ ∈ n
∗, we put
<v, λ>o= λ(v) .
We put V = n, and we define a three-form Fω ∈
∧2 V ∗ ⊗ V ∗ by putting
Fω(u, v, w) = < ω(u, v), w >o .
The following lemma is easily verified by direct calculation:
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Lemma 5.12 Let n be two-step nilpotent, and ω ∈ Z2(n, n∗). Then the follow-
ing hold:
1. The canonical scalar product <,>o on tn,ω satisfies (5.1) if and only if Fω
is alternating (that is, if Fω ∈
∧3 V ∗).
2. The Lie algebra tn,ω is two-step nilpotent, iff, for all u, v, w, z ∈ n,
Fω(u, [v, w], z) = Fω(v, w, [u, z]) . (5.2)
Proof. Note, since n is two-step nilpotent, triple commutators in tn,ω satisfy
[(λ, u), [(µ, v), (τ, w)]] = (ad∗uω(v, w) + ω(u, [v, w]), 0) .
This proves 2. ✷
Thus we have, in particular:
Proposition 5.13 Let n be two-step nilpotent, and ω ∈ Z2(n, n∗). If Fω is
alternating and satisfies (5.2), then the metric Lie algebra (tn,ω, <,>o) is flat
and <,>o is biinvariant.
Proof. Since Fω is alternating the metric <,>o is biinvariant. Since , (5.2) is
satisfied, tn,ω is two-step nilpotent, and therefore, the biinvariant metric <,>o
is flat. ✷
Split extensions We may always choose ω = 0. In this case, the Lie algebra
tn,ω is the semi-direct product n
∗ ⊕ad∗ n of n with its representation space n∗.
Thus, a particular interesting and rich class of examples arises as follows:
Corollary 5.14 Let n be a two-step nilpotent Lie algebra. Then the metric Lie
algebra (n∗ ⊕ad∗n, <,>o) is flat with biinvariant metric.
The corollary shows in particular that the class of Lie algebras with flat
biinvariant metrics is as rich as the class of two-step nilpotent Lie algebras.
Twisted extensions with abelian base If n = a is abelian, examples may
be constructed using alternating three-forms on a.
Example 5.9 Let n = a3 be the three-dimensional abelian Lie algebra. Let
det ∈
∧3
a∗3 be a non-degenerate alternating three-form, and define
ωdet(X,Y ) = det(X,Y, · ) .
Then (ta3,ωdet , <,>o) is a non-abelian biinvariant flat metric Lie algebra.
The following result states that every flat metric Lie algebra (g, <,>) with
biinvariant metric arises in this way:
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Theorem 5.15 Let (g, <,>) be a flat metric Lie algebra with biinvariant met-
ric. Then there exists an abelian Lie algebra a and an alternating three-form
Fω ∈
∧3
a∗, and an abelian Lie algebra z such that (g, <,>) can be written as a
direct product of metric Lie algebras
(g, <,>) = (z, <,>) ⊕ (ta,ω, <,>o) .
Proof. We show that it is possible to choose n as an abelian Lie algebra, as in
the previous example. Note that the commutator subalgebra [g, g] of (g, <,>)
is an isotropic ideal in (g, <,>), and its orthogonal complement with respect
to <,> is the center z(g) of g. This shows that we can choose an isotropic
subspace a of (g, <,>), such that there is a direct decomposition of subspaces
g = z⊕ a⊕ [g, g], where z ⊂ z(g). ✷
Example 5.10 Let (g, <,>) be a flat biinvariant metric Lie algebra of dimen-
sion six. Then g is abelian or (g, <,>) = (ta3,ωdet , <,>o). In particular, in
the second case g, is a semidirect product of the three-dimensional Heisenberg
algebra h3 with its coadjoint representation.
Remark that a version of Theorem 5.15 already appeared in [109, Proposition
7.5]. A similar result is stated recently also in [28].
5.4 E´tale affine representations
Let ρ : G → Aff(n) be an e´tale affine representation, and let ρg : g → aff(R
n)
be the corresponding Lie algebra representation.
5.4.1 The relative invariant for an e´tale affine representation
Choose a basis X1, . . . , Xn for g, and x ∈ Rn. Let us consider the linear map
τx(ρ) : R
n → Rn, which is defined by
τx(ρ) : (α1, . . . , αn) 7−→ tx(
n∑
i=1
αiρg(Xi) ) .
Here, tx is the derivative of the evaluation map at x, see (2.3). We easily see
that τx(ρ) is an isomorphism if and only if the orbit map ox : G → Rn is non-
singular, that is, if ρ is e´tale at x.
If A ∈ Aff(Rn), we put ρA(g) = Aρ(g)A−1. The following formulas are
easily verified by direct calculation:
Lemma 5.16 Let A ∈ Aff(Rn), with ℓ(A) ∈ GL(n,R) its linear part. Let
g ∈ G, and Ad(g) : g → g its adjoint action on the Lie algebra g of G. We put
B = ρ(g). Then the following hold:
det τx(ρ
A) = (det ℓ(A)) det τA−1x(ρ)
det τx(ρ
B) = (det Ad(g)) det τx(ρ)
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We define the polynomial function
δ = δ(ρ) : Rn → R , x 7→ δ(x) = det τx(ρ)
which (by the above lemma) satisfies the transformation rule
δ(ρ(g)x) = detAd(g)−1 det ℓ(ρ(g)) δ(x) . (5.3)
Definition 5.17 We call δ = δ(ρ) the relative invariant for the e´tale affine
representation ρ. Its character is the function χ = χ(ρ) : G → R>0, which is
defined as
χ(g) = detAd(g)−1 det ℓ(ρ(g))
Note that an open orbit ρ(G)x of an affine e´tale representation ρ is contained
in (and it is actually a connected component of) the open semi-algebraic subset
Uδ = {x ∈ R
n | δ(x) 6= 0} ⊂ Rn .
By a theorem of Whitney [114], a real semi-algebraic set Uδ has only finitely
many connected components in the standard Euclidean topology on Rn. Thus
we have proved the following result:
Corollary 5.18 Let ρ : G→ Aff(n) be an affine e´tale representation. Then G
has finitely many open orbits on Rn. Moreover, either G is transitive or each
orbit is a connected component of the complement of a hypersurface of degree n.
Example 5.11 The list of e´tale affine representations of Lie groups G, with
dimG = 2, is contained in Example 6.2.
The relative invariant δ may also be interpreted in terms of growth of the
right-invariant volume on G, relative to a parallel volume on An, see Example
9.1.
5.4.2 The relative invariant of a simply transitive representation is
constant
The following theorem is actually a direct consequence of Proposition 7.7. For
transparency, we provide a direct proof. (For a different proof see [45, 55], [67]
for the case of nilpotent groups.)
Theorem 5.19 Let G be a Lie group, and ρ : G → Aff(n) be an affine e´tale
representation. Then the following conditions are equivalent:
1. ρ is simply transitive.
2. The relative invariant δ(ρ) is a non-zero constant function.
3. χ(ρ) ≡ 1.
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Proof. Clearly, if δ(ρ) is non-vanishing, every orbit of G is open. Hence, there
can be only one orbit, and ρ(G) is a simply transitive group of affine transfor-
mations. Conversely, assume that ρ(G) is simply transitive. Then the relative
invariant δ(ρ) is a nowhere vanishing polynomial function. Let G denote the
Zariski closure of ρ(G) in Aff(Rn). Then G is a transitive group of affine trans-
formations on Rn, and δ(ρ) remains a relative invariant, for some polynomial
homomorphism χG : G→ R>0, which extends χ. Note that also the unipotent
radicalU ofG acts transitively on Rn (even simply transitively, see [5]), and the
polynomial character χG is trivial on U. Therefore, by formula (5.3), evaluated
on U, δ(ρ) must be constant.
The latter fact clearly implies that χ(ρ) is constant. Conversely, if χ(ρ) is
constant, by (5.3), δ(ρ) is constant and non-zero on an open subset of Rn. Since,
δ(ρ) is a polynomial it must be constant. ✷
Remark In the case of an e´tale affine representation, the relative invariant
δ(ρ) may be identified with the characteristic map Φ(ρ) : Rn →
∧n
g∗ (as
defined in section 6.3), using an isomorphism
∧n
g∗ = R. See section 8.4 for
further discussion, and, in particular, Proposition 8.27.
We call ρ volume preserving if its linear part satisfies ℓ(ρ(G)) ≤ SL(n,R).
Corollary 5.20 Let G be unimodular, and ρ : G → Aff(n) an e´tale affine
representation. Then G is simply transitive on An if and only if ρ(G) is volume
preserving.
Here is an immediate application which shows that a large class of Lie groups
does not admit e´tale affine representations. Consider the connected abelian
group
H1(G) = G/[G,G] ,
over which every homomorphism of G to an abelian group factorises.
Corollary 5.21 If the group H1(G) is compact then G does not admit an e´tale
affine representation.
Proof. By our assumption, for every e´tale representation ρ of G, its char-
acter χ(ρ) must be trivial. Therefore, by the above theorem, ρ must be sim-
ply transitive, and G is simply connected solvable. This shows that, in fact,
H1(G,R) = {1}, and since G is solvable, G must be trivial. A contradiction. ✷
Example 5.12 The criterion is satisfied, for example, if
H1(g,R) = g/[g, g] = {0} .
Hence, no semisimple Lie group admits an e´tale affine representation. Also no
compact group admits an e´tale affine representation.
Corollary 5.22 If the group G is compact then G does not admit an e´tale affine
representation.
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Example 5.13 Let G be a reductive Lie group with one-dimensional center.
Then every e´tale affine representation ρ of G is linear. Since G is unimodular,
δ(ρ) is a non-zero homogeneous relative invariant polynomial for G of degree n,
with non-trivial character det = χ(ρ). Such representations exist, for example,
for G = GL(n,R). There do exist other examples as well. See [8, 25, 68] for
further reference on this problem.
5.4.3 The dual tube representation
The dual tube, as discussed in section 6.5, is a useful tool in the construction of
Pseudo-Riemannian and symplectic affine e´tale representations. This is based
on the following simple observation:
Lemma 5.23 Let ρ : G → Aff(n) be an e´tale affine representation, with open
orbit U . Let ℓ(ρ) : G→ GL(n) denote its linear part. Then the associated semi-
direct product Lie group G⋉ℓ(ρ)∗ R
n has an e´tale affine representation on A2n,
which has the dual tube domain Tˇ (U) as open orbit. Moreover, G ⋉ℓ(ρ)∗ R
n
preserves the natural flat Pseudo-Riemannian metric of signature (n, n), and
also the natural symplectic form on Tˇ (U).
(Here, ℓ(ρ)∗ denotes the dual representation for ℓ(ρ).)
The lemma is a particular case of Proposition 6.17 applied to e´tale affine repre-
sentations.
6 Affinely homogeneous domains
Let U ⊆ An denote an open subset of An. We put
Aff(U) = {A ∈ Aff(n) | A(U) = U}
for the affine automorphism group of U .
Definition 6.1 Let U ⊆ An be a connected open subset. Then U is called an
affinely homogeneous domain if Aff(U) acts transitively on U .
A domain U in Es is called homogeneous, or a Pseudo-Riemannian affine homo-
geneous domain if its isometry group Isom(U) = Aff(U)∩E(s) acts transitively
on U . Similarly, a domain U in symplectic affine space (A2k, ω) is called a
symplectic affine homogeneous domain, if the group of symplectic affine auto-
morphisms of U , Aff(U, ω) = Aff(U) ∩ Aff(ω) acts transitively.
An affine domain U is called divisible if there exists a discrete subgroup
Γ ≤ Aff(U)
such that U/Γ is compact.
46
6.1 Prehomogeneous affine representations
Let G be a Lie group and ρ : G → Aff(n) a homomorphism. The homomor-
phism ρ is called an affine representation of G. Composition with the natural
homomorphism Aff(n)→ GL(n), defines a linear representation
ℓ = ℓρ : G→ GL(n)
which is called the linear part of ρ.
Definition 6.2 The affine representation ρ is called a prehomogeneous affine
representation, if ρ(G) acts transitively on an open set U ⊆ An. If G ≤ Aff(n)
is a subgroup with an open orbit in An then G is called a prehomogeneous
subgroup.
We let Uρ ⊆ An denote the union of all open orbits for G.
Remark If G admits a fixed point on An, then the homomorphism ρ is
conjugate by a translation to the linear representation ℓρ on the vector space V =
Rn. Such a representation will be called linear. A vector space V with a linear
G-action, which has an open orbit, is traditionally called a prehomogeneous
vector space (see [68]).
Quite opposite to a linear representation is the situation that the affine rep-
resentation ρ is transitive on An. In this case, Uρ = A
n.
The following notion plays a special role.
Definition 6.3 A prehomogeneous representation ρ on An is called an e´tale
affine representation if dimG = n.
6.2 Some examples
There is a wealth of prehomogeneous affine representations ρ, and associated
affinely homogeneous domains. We consider some simple examples.
Example 6.1 1. The vector group Rn acts simply transitively by transla-
tions on An.
2. G = GL(n,R) acts by left- and also by right-multiplication on the vec-
tor space of matrices Mat(n × n,R). Both actions have open orbit U =
GL(n,R) ⊆ Rn
2
= Mat(n× n,R), and both are simply transitive on U .
3. SL(n,R) acts transitively on U = Rn−{0}. Also SL(n,R)× SL(n,R) has
an open orbit U × U in R2n.
Note that all the homogeneous domains in the previous example are divisible
by affine transformations. The first two examples admit transitive e´tale affine
groups, the first one being the role model for a simply transitive affine repre-
sentation. The second and third examples come from prehomogeneous linear
representations of reductive groups, a topic which is studied extensively in the
literature, see [68] and the references therein.
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Two-dimensional affinely homogeneous domains In dimension two there
are up to affine equivalence six homogeneous affine domains. The following list
also exhausts the set of all two-dimensional e´tale affine representations up to
affine equivalence. (Compare [89, 33].) Note that each two-dimensional affinely
homogeneous domain admits a simply transitive group of affine transformations.
Example 6.2 (E´tale affine representations in dimension 2)
1. (The plane U = A2)
R2 and U =



 1 v u+
1
2v
2
0 1 v
0 0 1



 ⊆ Aff(2)
are simply transitive abelian groups of affine transformations.
The group
Aλ =



 exp(tλ) 0 s0 1 t
0 0 1



 ⊆ Aff(2)
is a simply transitive solvable, non-abelian, group of affine transforma-
tions, for λ 6= 0.
2. (The halfspace U = H2) Let H2 be the halfspace x > 0. Then
B =



 exp(t) 0 00 1 v
0 0 1



 ⊆ Aff(H2) =



 α 0 0z β v
0 0 1

 ∣∣∣ α > 0


is an abelian group of affine transformations. The half-spaces (x, y), x > 0
and x < 0 are open orbits.
The groups
Cλ,τ =



 exp(tλ) 0 s0 exp(−tλ) (exp(−tλ)− 1)τ
0 0 1



 ⊆ Aff(2)
are solvable, non-abelian, groups of affine transformations, with two half-
spaces as open orbits, λ 6= 0.
The group of upper triangular matrices
C =
{(
exp(tλ) b
0 exp(−tλ)
)}
⊆ GL(2)
is a solvable, non-abelian, linear group of transformations with two half-
spaces as open orbits.
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3. (The sector U = Q2)
Aff(Q2)
0 =
{(
a 0
0 b
) ∣∣∣ a > 0, b > 0
}
⊆ GL(2)
is an abelian, linear group of transformations, which has the four open
sectors as open orbits.
4. (The parabolic domains U = P+2 ,P
−
2 ) Let P
+
2 = {(y, x) | y >
1
2x
2} be
the convex domain enclosed by a parabola.
Aff(P±2 )
0 =



 λ
2 0 0
0 λ 0
0 0 1



 1 v
1
2v
2
0 1 v
0 0 1

 | λ > 0

 ⊆ Aff(2)
is solvable, non-abelian, with open orbits P+2 and the exterior P
−
2 of a
parabola.
5. (The plane with a point removed, U = A2 − 0)
E =
{
exp(t)
(
cosφ sinφ
− sinφ cosφ
)}
⊆ GL(2) = Aut(U)
is an abelian linear group, with open orbit R2 − {0}.
We remark:
Corollary 6.4 Every two-dimensional affinely homogeneous domain U ⊆ A2
admits a simple transitive e´tale group of affine automorphisms in Aff(U).
Corollary 6.5 Every two-dimensional affinely homogeneous domain is divisi-
ble, except for the parabolic domains P±.
Proof. If U ⊆ A2 admits a simply transitive abelian group G of affine trans-
formations, then U is divisible by a lattice Γ ≤ G, Γ ∼= Z2. This is the case
for all domains, but P±. The automorphism group G = Aff(P±) is a solvable
non-unimodular e´tale group of affine transformations. Therefore, every Γ which
divides P± is a lattice in G. However, the existence of a lattice implies that G
is unimodular (see Appendix C); a contradiction. ✷
Corollary 6.6 ([89]) Let U ⊆ A2 be the development image of a compact affine
two-torus. Then U is an affinely homogeneous domain which admits an abelian
simply transitive group of affine transformations.
This also implies:
Corollary 6.7 Every two-dimensional divisible domain U ⊆ A2 is convex and
homogeneous.
There are attempts to classify e´tale affine representations in low dimensions,
see [89, 42, 40, 18], for some results. In general, it is a difficult problem to decide
which Lie groups G admit an e´tale affine representation. See section 5.4, for
further discussion.
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6.3 Characteristic map for a prehomogeneous representa-
tion
Let ρ : G → Aff(n) be an affine representation, and let x ∈ An. We define the
orbit map at x as
ox : G→ R
n, g 7→ ρ(g)x .
Let g be the Lie algebra of G, and let
τx = τx(ρ) : g→ R
n
denote the differential of ox at the identity of G. We remark:
1. The kernel of the linear map τx is the Lie algebra h = gx of the stabiliser
H = Gx ≤ G of x under the action ρ.
2. The orbit ρ(G)x is open if and only if ox : G→ U = ρ(G)x is a submersion
of G onto the open subset U of An. Moreover, G has an open orbit at x
if and only if τx has maximal rank, that is, if τx is onto.
Let us fix a parallel volume form ν on An. We construct the characteristic
map for ρ
Φ = Φρ : A
n−→
n∧
g∗ , Φ(x) = τ∗xν ,
by taking the pull back of ν along τx. Its image
Φ(An) ⊆
n∧
g∗
is called the characteristic image of ρ.
The map Φ and the characteristic image Φ(An) carry fundamental informa-
tion about ρ and the associated homogeneous domain Uρ. This theme will be
further developed in section 7.2.
Note, in particular, that the map Φ is a polynomial map in the natural co-
ordinates of An. Moreover, by the above considerations, G has an open orbit at
x, if and only if the form Φx = Φ(x) does not vanish.
As a first application, we have two basic remarks:
Proposition 6.8
1. Every affinely homogenous domain U is an open semi-algebraic subset of
Rn.
2. Let ρ : G → Aff(n) be an affine representation. Then G has only finitely
many open orbits.
50
Proof. Let G be a connected group which is transitive on U . The set Uρ =
{x | Φx 6= 0} is a Zariski open subset of An. Its connected components are
precisely the open orbits for G. By [114][Theorem 4], there are only finitely
many components in the complement of a real algebraic variety. Therefore, Uρ
has only finitely many components. Each component is a semi-algebraic subset
of Rn. ✷
6.4 The automorphism group of an affine homogeneous
domain
Let U ⊆ An be an affine homogeneous domain, and Aff(U) its affine automor-
phism group. The following explains the prominent role which algebraic groups
play in the study of affinely homogeneous domains. (For a review on linear
algebraic groups and basic definitions, consult Appendix A.)
Lemma 6.9 Let U ⊆ An be an affine homogeneous domain. Then the auto-
morphism group Aff(U) of U is a finite index subgroup of a real algebraic group.
In particular, Aff(U) has finitely many connected components.
Proof. Let U˜ ⊆ An be the domain, where the Lie group Aff(U) has open
orbits. Then U is a connected component of U˜ . The complement W = An − U˜
is an algebraic subset of An, by Proposition 6.8. Since Aff(U˜) = Aff(W ),
we conclude that Aff(U˜) is a real algebraic subgroup of Aff(n). Since U˜ has
only finitely many components (cf. Proposition 6.8), Aff(U) has finite index in
Aff(U˜). ✷
Let G ≤ Aff(n) be a prehomogeneous Lie subgroup. The real Zariski closure
G
R
≤ Aff(n) of G, is clearly also a prehomogeneous real linear algebraic group.
Corollary 6.10 Let ρ : G→ Aff(n) be a prehomogeneous representation. Then
the Zariski closure G
R
≤ Aff(n) preserves the maximal domain Uρ.
6.4.1 Automorphisms of complex affine domains
A connected domain U ⊆ Cn is called a complex affine homogeneous domain, if
its group of complex affine transformations
AffC(U) = {A ∈ Aff(C
n) | AU = U}
acts transitively on U . We mention:
Lemma 6.11 Let U ⊆ Cn be a complex affine homogeneous domain. Then U is
a Zariski-open, hence irreducible and Zariski-dense connected subset of Cn. The
automorphism group AffC(U) ≤ Aff(Cn) is a complex linear algebraic group.
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Proof. The proof follows along the lines of the proof of Lemma 6.9. Note
that any open and connected orbit U = G0x, where G is an algebraic subgroup
of Aff(Cn), is Zariski-dense in Cn. By Appendix A.3, Gx is also dense in the
Euclidean topology of Cn. Therefore, there is only one such orbit. In particular,
U˜ = U is a connected domain, and AffC(U) = AffC(U˜). ✷
6.4.2 Centralisers of prehomogeneous representations
Let ρ : G→ Aff(n) be a prehomogeneous representation. We let
ZAff(n)(G) = {A ∈ Aff(n) | Aρ(g) = ρ(g)A , for all g ∈ G } ≤ Aff(n)
denote the centraliser of G in Aff(n). Since the elements of ZAff(n)(G) permute
the open orbits of G, ZAff(n)(G) preserves the maximal set Uρ. In particular, it
follows that
ZAff(n)(G) ≤ Aff(Uρ) .
Note that ZAff(n)(G) is an algebraic subgroup of Aff(n). Moreover, we have
the following fact:
Lemma 6.12 The Lie algebra zρ(G) of ZAff(n)(G) forms an associative subal-
gebra of aff(n).
Proof. Let ϕ ∈ aff(n). Clearly, ϕ ∈ zρ(G) if and only if AϕA
−1 = ϕ, for all
A ∈ ρ(G). Thus, if ϕ, ψ ∈ zρ(G) then A(ϕψ)A−1 = ϕψ ∈ zρ(G). ✷
The following lemma is useful in this context:
Lemma 6.13 Let A ≤ Mat(n × n) be an associative subalgebra of linear op-
erators, such that traceφ = 0, for all φ ∈ A. Then every element φ ∈ A is
nilpotent. Moreover, the Lie algebra which belongs to A (by taking commutators
in A) is nilpotent.
Corollary 6.14 Let ρ : G → Aff(n) be a prehomogeneous representation such
that every element of the centraliser algebra zρ(G) contains only elements of
trace zero. Then the centraliser ZAff(n)(G) contains only unipotent elements,
and, in particular, it is a connected nilpotent Lie group.
Proof. Let A ∈ ZAff(n)(G). Viewing A as an element of GL(n+1,R), we obtain
A− En+1 ∈ zρ(G). Thus, A− En+1 is nilpotent, by Lemma 6.13. This implies
that the real algebraic group ZAff(n)(G) has only unipotent elements. ✷
This situation occurs, for example, if ρ is transitive:
Proposition 6.15 Let ρ be a transitive affine representation. Then the cen-
traliser of ρ(G) in Aff(n) is a connected unipotent group of dimension ≤ n.
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Proof. If G ≤ Aff(n) is a transitive subgroup, ZAff(n)(G) acts without fixed
points on An. The centraliser ZAff(n)(G) is an algebraic subgroup of Aff(n). Its
reductive part T has a fixed point, by Lemma 2.2. Therefore, T must be trivial.
✷
We shall show below (see Proposition 6.26 and Proposition 6.28) that the
centralisers of Pseudo-Riemannian and symplectic prehomogeneous groups in
the group of isometries of Es, respectively symplectic affine transformations of
(An, ω) are unipotent groups. Such results have immediate geometric implica-
tions. As the following example shows, the latter phenomena depend on the
orthogonal and symplectic structure:
Example 6.3 G = SL(n,R)×SL(n,R) is a volume preserving prehomogeneous
subgroup of Aff(Rn ⊕ Rn), as in 2. Example 6.1. For λ ∈ R, define tλ(u, v) =
(λu, λ−1v). Then T = {tλ | λ > 0} ≤ SL(Rn⊕Rn) is an abelian group of volume
preserving linear maps, consisting of semisimple elements, and T is contained
in the centraliser of G.
Note also that the volume preserving group T in the example leaves invariant
the natural symplectic form ω on Rn ⊕ Rn.
6.5 Tube like domains
Affinely homogeneous domains play an important role in the theory of Hermitian
symmetric spaces, by the tube construction, which itself is an important source
for the construction of complex homogeneous domains from affine homogeneous
domains. An analogous dual construction plays a role for the theory of Pseudo-
Riemannian and symplectically affine homogeneous domains. We develop its
basic properties and draw some consequences concerning the classification of
Pseudo-Riemannian and symplectically affine homogenous domains.
6.5.1 Complex tube domains
The classical construction of tube domains goes as follows. Let U ⊆ Rn be a
connected open set. Then
T (U) = U + iRn ⊆ Cn
is called the complex tube domain associated to U . Every A ∈ Aff(Rn) extends
to a complex affine transformation AC ∈ Aff(Cn), where
AC(x + iy) = Ax+ i ℓ(A)y .
If A ∈ Aff(U) is an affine automorphism of U then AC ∈ AffC(T (U)). Also
the group of purely imaginary translations iRn ⊂ Cn acts on T (U), and this
group is normalised by the transformations AC. In particular, if U is a homo-
geneous affine domain then T (U) admits a transitive group of complex affine
transformations. That is, T (U) is a complex affine homogeneous domain.
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Example 6.4 Riemannian Hermitian symmetric spaces (cf. [54][Ch. VIII]) are
obtained by using the Bergman metric on a complex homogeneous domain T (U),
where U ⊂ Rn is a convex non-degenerate homogeneous selfdual cone.
Complex domains T (U), where U is a convex non-degenerate cone are also called
Siegel-domains of the first kind. Here a convex cone is called non-degenerate if
it does not contain any straight line. See [74, 75] and Matsushimas expository
paper [81] for results on homogeneous tube domains over convex non-degenerate
cones, and their relation with bounded domains in Cn. See [38] for a generali-
sation in the context of Pseudo-Hermitian symmetric spaces.
6.5.2 Dual tube domains
A process which is dual to the construction of the tube domain T (U) ⊆ Cn,
A 7→ AC, allows to construct Pseudo-Riemannian and symplectically affine
homogeneous domains from arbitrary homogeneous affine domains. Perhaps
surprisingly, this construction suggests that the determination of homogeneous
Pseudo-Riemannian and symplectic affine domains is at least as complicated as
the classification of all affinely homogeneous domains.
The dual tube domain Tˇ (U) Let V = Rn denote a real vector space, and
V ∗ the dual space of V . If ϕ is a linear map of V , we let ϕ∗ denote the dual
(transposed) map of V ∗. If U ⊆ V is a connected open subset we call
Tˇ (U) = U × V ∗ ⊆ V ⊕ V ∗
the dual tube domain over U .
Let A ∈ Aff(Rn). We extend A to an affine map Aˇ ∈ Aff(V ⊕ V ∗), by
declaring
Aˇ (u+ λ) = Au+ (ℓ(A)−1)∗λ .
If A is an affine automorphism of U then Aˇ preserves Tˇ (U). Note also that the
group of translations V ∗ ⊆ Aff(Tˇ (U)) is normalised by the transformation Aˇ.
In particular, if U is a homogeneous affine domain then Tˇ (U) is a homogeneous
affine domain, as well.
Natural Pseudo-Riemannnian metric on Tˇ (U) The vector space V ⊕V ∗
admits a naturally defined scalar product ˇ<,> of signature (n, n). This is
defined by
ˇ< u+ λ, u′ + λ′ > = λ(u′) + λ′(u) .
The scalar product ˇ<,> is evidently preserved by Aˇ, A ∈ Aff(n). Thus:
Proposition 6.16 The map A 7→ Aˇ defines a faithful homomorphism
Aff(U)→ Isom(Tˇ (U), ˇ<,>) .
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In particular, we remark:
Proposition 6.17 Let U ⊆ An be an affine homogeneous domain. Then the
tube domain (Tˇ (U), ˇ<,>) is a Pseudo-Riemannian homogeneous domain of sig-
nature (n, n).
Proof. In fact let, G ≤ Aff(n) be a subgroup which acts transitively on U .
Then V ∗ ⋊ Gˇ ≤ E(n, n) acts transitively on Tˇ (U) = U × V ∗. ✷
Note that V ∗ is a maximal isotropic subspace in Rn,n = V ⊕ V ∗. The fol-
lowing geometric characterisation of Pseudo-Riemannian domains of tube type
is straightforward:
Lemma 6.18 Let D ⊆ En,n be a homogeneous Pseudo-Riemannian domain. If
Isom(D) contains a maximal isotropic subgroup of translations then
D = Tˇ (U) ,
for some affinely homogeneous domain U ⊆ An.
The following notion is related:
Definition 6.19 A domain U ⊆ Es is called translationally isotropic if the
group of translations t(U) in Isom(U) satisfies t(U)⊥ ⊆ t(U).
Every tube domain (Tˇ (U), ˇ<,>) ⊆ En,n is translationally isotropic, since
V ∗ ⊆ t(U) is a maximal isotropic subspace, and thus t(U)⊥ ⊆ V ∗.
Proposition 6.20 ([34][Theorem 5.3]) Every translationally isotropic homo-
geneous Pseudo-Riemannian domain D ⊆ Em,l is of the form
D = Tˇ (U)× Em−k,l−k ,
for some affinely homogeneous domain U ⊆ Ak, l,m ≥ k.
Question 5 By [35], the Lorentzian homogeneous domains are En−1,1, and the
translationally isotropic domains Tˇ (R>0)×En−2. Is every homogeneous Pseudo-
Riemannian domain translationally isotropic?
The question suggests, in particular, that homogeneous Pseudo-Riemannian
domains admit large groups of translations.
Natural symplectic geometry on Tˇ (U) On the vector space V ⊕V ∗ there
is also a naturally defined symplectic form ωˇ, which is given by
ωˇ(u+ λ, u′ + λ′ ) = λ(u′)− λ′(u) .
The symplectic form ωˇ is evidently preserved by Aˇ, A ∈ Aff(n). Most consider-
ations for the Pseudo-Riemannian case carry over analogously to the symplectic
case. We just remark:
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Proposition 6.21 The map A 7→ Aˇ defines a faithful homomorphism
Aff(U)→ Aff(Tˇ (U), ωˇ) .
Thus:
Corollary 6.22 Let U be an affine homogeneous domain. Then (Tˇ (U), ωˇ) is a
symplectic affine homogeneous domain.
Moreover, we mention:
Lemma 6.23 Let D ⊆ A2n be a symplectic affine homogeneous domain. If
Aff(Tˇ (U), ωˇ) contains a Lagrangian subgroup of translations then
D = Tˇ (U) ,
for some affinely homogeneous domain U ⊆ An.
As in the Pseudo-Riemannian case, one might wonder which role transla-
tionally isotropic symplectically affine homogeneous domains play in the clas-
sification of all symplectically affine homogeneous domains. However, here we
have
Example 6.5 (U = R2 − {0}, ω = dx ∧ dy) is a symplectically affine homoge-
neous domain, and Aff(U, ω) = SL(2,R). In particular, U is not translationally
isotropic.
Para-Ka¨hler geometry of Tˇ (U) We remark that the natural geometry on
Tˇ (U), which is preserved by the transformations Aˇ, is actually determined by
the symplectic form ωˇ together with the metric ˇ<,>. It may be expressed in a
manner which is analogous to classical Ka¨hler geometry as follows.
We define a linear operator Jˇ ∈ GL(V ⊕ V ∗), which is skew with respect to
ωˇ and satisfies Jˇ2 = id by the relation
gˇ(·, ·) = ωˇ(Jˇ ·, ·) .
It is computed by the formula
Jˇ(u+ λ) = (−u+ λ) .
Note, in particular, that the transformations Aˇ are Jˇ-linear, that is,
ℓ(Aˇ)Jˇ = Jˇℓ(Aˇ) .
A geometric structure (ωˇ, Jˇ) of this kind, is thus a sort of analogue of complex
Ka¨hler geometry. Such structures have attracted recent interest of mathemati-
cians and also physicists under the names of Para-Ka¨hler or Bi-Lagrangian
geometry. See, for example, [23, §5.2] and, in particular, the work of Kaneyuki
et al. on Para-Ka¨hler symmetric spaces [64, 65, 66].
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6.6 Pseudo-Riemannian affine homogeneous domains
As follows from Proposition 6.17, there are as many Pseudo-Riemannian affine
homogeneous domains as there are homogeneous affine domains. In particular,
the classification of Pseudo-Riemannian affine homogeneous domains might be
a quite untractable problem. However, for small index s, the possible types of
homogeneous domains in Es seem rather restricted.
Recall that a homogeneous Riemannian manifold is geodesically complete,
since it is complete with respect to the Riemannian distance. Thus:
Example 6.6 There is only one Euclidean homogeneous domain U ⊆ En,
namely, Euclidean space En itself.
As follows from Example 6.2, we note for the case n = 2:
Example 6.7 The two-dimensional Pseudo-Riemannian homogeneous domains
are E2, E1,1, and the half-space H2 = T (R>0) ⊂ E1,1.
In the Lorentzian case, we have the following result:
Proposition 6.24 ([35]) Let U ⊆ En−1,1 be a homogeneous Lorentzian do-
main. Then U = En−1,1 or U = H2 × En−2 ⊂ En−1,1.
In particular, every Lorentzian affine homogeneous domain is translationally
isotropic.
We call a Pseudo-Riemannian domain irreducible if it does not admit a
decomposition as in Proposition 6.20.
Example 6.8 The (translationally isotropic) irreducible domains in E2,2 are
the dual tube domains (Tˇ (U), ˇ<,>), where U = A2 − {0}, H2, Q2, and P
±
2 .
(Compare Example 6.2.)
It seems unknown, whether (up to products) the latter list exhausts all
homogeneous domains in En−2,2.
6.6.1 Centralisers of prehomogeneous groups of isometries
Let ρ : G → E(s) be a prehomogeneous group of isometries. We consider the
subgroup of isometries in E(s), which centralise ρ(G).
Corollary 6.25 Let U ⊆ Es be a Pseudo-Riemannian affine homogeneous do-
main. Then the centraliser of any prehomogeneous subgroup G ≤ Isom(U) in
the group E(s) is a connected unipotent group. Moreover, it is a nilpotent group
of nilpotency class at most two.
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Proof. By Corollary 3.11, the Lie algebra of ZAff(n)(G) ∩ E(s) consists of
nilpotent elements of aff(n), and it is a nilpotent Lie algebra of nilpotentency
class at most two. Therefore, the identity component (ZAff(n)(G) ∩ E(s))
0 is a
unipotent group, and it is nilpotent of nilpotency class at most two. We remark
next that ZAff(n)(G) ∩ E(s) is connected. (To prove that ZAff(n)(G) ∩ E(s) is
connected, we can argue as in the proof of Proposition 6.28.) ✷
The following observation is due to Wolf [106] (for transitive groups), see
also [34] for the general case:
Proposition 6.26 The elements in g ∈ ZAff(n)(G) ∩ E(s) are unipotent, and
satisfy (g − En+1)2 = 0.
Proof. By the above, ZAff(n)(G) ∩ E(s) is a unipotent linear algebraic group.
Using the exponential representation of g ∈ ZAff(n)(G) ∩ E(s), Proposition 3.9
implies that g−En+1 represents a Killing vector field in aff(n), and (g−En+1)2 =
0. ✷
The previous two results play a central role in the determination of all flat
Pseudo-Riemannian homogeneous manifolds, which are complete. (See section
4.3.1 for further discussion.) Another application was observed in [34]:
Corollary 6.27 Every nilpotent prehomogeneous group N of isometries of Es
is transitive on Es.
Proof. The set of semisimple elements in a nilpotent algebraic group forms a
central subgroup, see [21]. Thus, by Proposition 6.26, N must be a unipotent
group. By Corollary, 7.5, N acts transitively on An. ✷
The latter result generalises to nilpotent groups of volume preserving affine
transformations, see Corollary 7.8. For the proof, other methods are required.
6.7 Symplectic affine homogeneous domains
As for Pseudo-Riemannian domains, the tube construction produces a sym-
plectic affinely homogeneous domain (Tˇ (U), ωˇ) ⊆ A2k from each affinely ho-
mogeneous domain U ⊆ Ak. However, we already noted in Example 6.5 that
this construction does not exhaust the set of symplectic affinely homogeneous
domains:
Example 6.9 The two-dimensional symplectic affine homogeneous domains of
tube type are A2 and the halfspace H2 = Tˇ (R>0).
On the other hand, from Example 6.2, we note:
Example 6.10 The two-dimensional symplectic affinely homogeneous domains
are A2 − {0}, and the tube type domains A2, H2.
Here is another similiarity to the Pseudo-Riemannian situation (compare
Corollary 6.25):
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Proposition 6.28 Let U ⊆ A2k be a symplectic affine homogeneous domain.
Then the centraliser of any prehomogeneous subgroup G ≤ Aff(U, ωk) in the
group of symplectic affine transformations of A2k is a connected unipotent group
(and it is also abelian).
(The connected component of the symplectic centraliser of a prehomogeneous
group of symplectic transformations is abelian, by Proposition 3.15.)
Hence, we get:
Corollary 6.29 Every nilpotent prehomogeneous subgroup of Aff(ωk) is tran-
sitive on A2k.
For the proof of Proposition 6.28, let us first formulate a lemma:
Lemma 6.30 Let T be an abelian subgroup of semisimple elements in Sp(V, ω),
and G ≤ Sp(V, ω) a subgroup which centralises T . Let V T denote the subspace
of invariants for T . Then there exists a decomposition V = V T ⊕ (W1 ⊕W2),
which is invariant by G and T , such that W1 and W2 are isotropic subspaces,
and the restriction of ω to the subspaces V T and W1 ⊕W2 is non-degenerate.
Moreover, V T and W1 ⊕W2 are orthogonal with respect to ω.
The lemma is a direct consequence of the decomposition of V in eigenspaces
with respect to T .
Proof of Proposition 6.28. Let G ≤ Aff(U, ωk) be a prehomogeneous sub-
group with orbit U . For g ∈ Aff(n), t(g) ∈ V = Rn denotes the translation part
of g. Let T denote a subgroup of semisimple elements in ZAff(ωk)(G). After a
change of origin, we may assume that T is linear, and, in particular, T ≤ Sp(ωk).
Since T centralises G, t(g) ∈ V T , for all g ∈ G, and the subspace V T is invariant
by ℓ(G). Let x = x0+x1 ∈ U , where x0 ∈ V T and x1 ∈W1⊕W2, as in Lemma
6.30. Let π2 : V → W1 ⊕W2 be the corresponding projection operator. We
conclude that π2(U) = π2(Gx) = π2(Gx1) = π2(ℓ(G)x1) = ℓ(G)x1. Since ℓ(G)
also preserves a Lagrange decomposition of W1 ⊕W2, it cannot have an open
orbit in W1 ⊕W2. (In fact, the dual pairing of W1 and W2 with respect to ω
produces a non-trivial ℓ(G)-invariant polynomial.) Unless T = {1}, this is a
contradiction, since π2(U) is open in W1 ⊕W2. ✷
7 A criterion for transitivity of prehomogeneous
representations
A distinguished class of prehomogeneous affine representations is formed by
those representations, which are transitive on affine space An. Our main con-
cern in this section will be to formulate a criterion, which ensures that a given
prehomogeneous affine representation ρ : G→ Aff(n) is transitive on An.
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In section 7.1, we recall how transitivity depends on the unipotent radical
of the Zariski closure. A closer analysis of the characteristic map Φ(ρ), for a
prehomogeneous representation ρ, is given in section 7.2. This allows to interpret
transitivity for ρ in terms of the characteristic image
Φ(ρ)(An) ⊆
n∧
g∗ .
An immediate application (see Corollary 7.8) is the following result:
Theorem 7.1 Let U be an affine homogeneous domain, which admits a nilpo-
tent transitive subgroup of volume preserving affine transformations. Then
U = An.
In particular, for nilpotent prehomogeneous groups, transitivity is equivalent
to volume preservation. Various special cases of this result have been treated
in the literature before. For the case of e´tale affine representations see [67, 41],
and for Pseudo-Riemannian prehomogeneous affine representations of nilpotent
groups see [34, Corollary 6.27].
7.1 Transitivity for prehomogeneous groups
As a first remark, we note that transitivity may be recognised by looking at the
real Zariski closure:
Corollary 7.2 Let G ≤ Aff(n) be a prehomogeneous subgroup. Then G is
transitive on An if and only if its Zariski closure G
R
≤ Aff(n) is transitive.
The corollary is a direct consequence of Corollary 6.10.
Transitivity for prehomogeneous algebraic groups is determined by the unipo-
tent radical, as follows:
Proposition 7.3 Let G ≤ Aff(n) be a prehomogeneous real algebraic group.
Then the following are equivalent:
1. G is transitive on An.
2. The unipotent radical U(G) is transitive on An.
Proof. By section A, G = U(G)H , where H is reductive. Moreover, H has
a fixed point on An, by Lemma 2.2. Thus, if G is transitive, U(G) must be
transitive as well. ✷
Let G ≤ Aff(n) be a prehomogeneous subgroup. Let G = G
Z
≤ Aff(Cn)
denote the complex Zariski closure of G. Then G acts prehomogeneously on
complex affine space Cn.
Corollary 7.4 Let G ≤ Aff(n) be prehomogeneous. Then G is transitive on
An if and only if its complex Zariski closure G is transitive on Cn.
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Proof. If G is transitive, so is the unipotent radical U of its real closure G
R
.
The Zariski closure of U , U ≤ G is prehomogeneous on Cn and unipotent. By
the closed orbit property, U must be transitive. Therefore, G is transitive.
Conversely, assume G is transitive. Note that Proposition 7.3 holds analo-
gously for complex algebraic actions on Cn. We deduce that U acts transitively
on Cn. Note that U = UR is Zariski-dense in U (see [21]). In particular,
dimR U = dimU. Thus U , and, in particular, also G
R
acts transitively on An.
By Corollary 7.2, G is transitive, as well. ✷
Transitivity of nilpotent groups We remark that unipotent prehomoge-
neous groups are always transitive:
Corollary 7.5 Let N ≤ Aff(n) be a prehomogeneous group which is nilpotent.
Then N is transitive on An if and only if N is unipotent.
Proof. In fact, if N is unipotent every orbit on An is closed (cf. Appendix A,
Proposition A.2). The converse is a consequence of Proposition 6.15. ✷
7.2 The fundamental diagram
We let N = NAff(n)(ρ(G)) ≤ Aff(n) denote the normaliser of G in Aff(n). Then
N acts by conjugation on the image ρ(G). Assuming that ρ is faithful, this gives
also rise to an action C : N → Aut(G), where, for A ∈ N ,
C(A) : G→ G
is defined by the relation
ρ (C(A)(g)) = Aρ(g)A−1.
Furthermore, we let c : N → Aut(g) denote the induced representation on the
Lie algebra g.
We pick up the notation used in section 6.3. Recall, in particular, that
τx : g → Rn denotes the differential of the orbit map ox : G → An at x ∈ An.
For all x ∈ An, A ∈ N , the following diagram is commutative:
g
τx−−−−→ Rn
c(A)
y yℓ(A)
g
τAx−−−−→ Rn
. (7.1)
Now consider the characteristic map
Φ = Φ(ρ) : An →
n∧
g∗ , Φ(x) = τ∗xν
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for ρ. The commutative diagram (7.1) implies the following relation, which
holds for all A ∈ NAff(n)(ρ(G)):
ΦAx = det ℓ(A)
(
(c(A)−1)∗Φx
)
. (7.2)
By section 6.3, the following is evident:
Proposition 7.6 Let ρ : G → Aff(n) be a prehomogeneous affine representa-
tion. Then the following conditions are equivalent:
i) G acts transitively on An.
ii) 0 is not contained in the characteristic image Φ(An).
For an algebraic representation, we note the following refinement:
Proposition 7.7 Let ρ : G→ Aff(G) be a prehomogeneous algebraic represen-
tation with maximal domain Uρ. Then the following are equivalent:
i) G acts transitively on An.
ii) 0 is not contained in the closure of the characteristic image Φ(An).
iii) The image Φ(Uρ) ⊆
∧n
g∗ is Zariski-closed.
iv) The image Φ(Uρ) ⊆
∧n
g∗ is closed in the Euclidean topology.
Proof. We show first, if G acts transitively on An then Φ(An) is Zariski closed
in
∧n
g∗. In fact, if G acts transitively then its unipotent radical U(G) acts
transitively as well. Thus, using relation (7.2), we deduce that
Φ(An) = Φ(U(G)x) = c(U(G))Φx
is the orbit of a unipotent linear algebraic group. Therefore, Φ(An) is Zariski
closed. Hence, i) implies ii) and also iii). In particular, by Proposition 7.6, i) is
equivalent to ii).
Now, assume condition iii). Then Φ(Uρ) is Zariski-closed. Note that the
open set Uρ is Zariski-dense in A
n. Since Φ is a polynomial map (a morphism
of varieties), it preserves the Zariski closure. Thus,
Φ(An) = Φ(Uρ
R
) ⊆ Φ(Uρ)
R
= Φ(Uρ) .
Since Φ is non-zero on Uρ, 0 is not contained in Φ(A
n). This shows that Uρ = A
n,
and, hence, G acts transitively. We proved that i) is equivalent to iii).
Since Φ(Uρ) is a finite union of orbits, Φ(Uρ) is Zariski closed if and only if
it is closed in the Euclidean topology. (See the remarks in section A.) Hence,
iii) is equivalent to iv). ✷
Remark It might well happen that the characteristic image Φ(An) is
Zariski-closed in
∧n
g∗ and also contains 0.
For e´tale affine representations the above criterion implies:
Example 7.1 Let n = dimG. Then G acts simply transitively on An if and
only if Φ is constant, and non-zero. In particular, Φ(An) = {Φ0}, where Φ0 6= 0.
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7.3 Transitivity of nilpotent prehomogeneous groups
As a direct application of Proposition 7.7, we can deduce that, for nilpotent
groups, transitivity is equivalent with volume preservation:
Corollary 7.8 Let ρ : G → Aff(n) be a prehomogeneous affine representation,
where G is a connected nilpotent Lie group. Then the following are equivalent:
i) ρ is transitive.
ii) ρ(G) is unipotent.
iii) ρ is volume preserving (that is, ℓ(ρ(G)) ⊂ SL(n)).
Proof. Suppose G is acting transitively on An. Without loss of generality, we
may assume that G is an algebraic subgroup of Aff(n). A connected nilpotent
linear algebraic group is a direct product G = U(G)T , where U(G) is unipotent
and T is a connected abelian group of diagonalisable matrices, which is contained
in the center of G, cf. [21]. Since, U(G) acts transitively, its centraliser is
unipotent. Hence, T = {1} and G = U(G) is unipotent. Thus, i) implies ii).
Since every algebraic character of a unipotent group is trivial, ii) implies iii).
Suppose now that ρ(G) is volume preserving. Let x0 ∈ Uρ. Then the
characteristic orbit Φ(Gx0) = c(G)
∗Φx0 is (Zariski-) closed, since the adjoint
action of G on g is unipotent. Then Φ(An) = Φ(Gx0
Z
) ⊆ Φ(Gx0)
Z
= c(G)∗Φx0
does not contain 0. Hence, G acts transitively. Thus, iii) implies i). ✷
8 Characteristic cohomology classes associated
with affine representations
Let ρ : G→ Aff(n) be an affine representation. The characteristic map Φρ gives
rise to certain characteristic cohomology classes, which carry information about
Φρ, and, in particular, about the transitivity properties of ρ.
8.1 Construction of the characteristic classes
Let ρ¯ : g → aff(n) denote the differential of ρ, and ℓ¯ : g → gl(n) the corre-
sponding linear part. The representation ℓ¯ turns Rn into a g-module, which we
denote by Rn
ℓ¯
. Furthermore, we let Rℓ¯ denote the one-dimensional g-module,
which is induced by the trace of ℓ¯. We shall also consider the Lie algebra coho-
mology groups Hn(g,Rℓ¯), H
n(g, h,Rℓ¯), where n = dim g/h. (See Appendix B
for definitions and notation on Lie algebra cohomology.)
Lemma 8.1 Let x ∈ An and h = gx the stabiliser of x under the action ρ¯. Let
Φ : An →
∧n
g∗ be the characteristic map for ρ. Then Φx is an element of
Cn(g/h,Rℓ¯)
h ⊆ Cn(g,Rℓ¯). In particular,
dℓ¯ Φx = 0 .
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Moreover, if x ∈ Uρ then Φx 6= 0, and h acts trivially on Cn(g/h,Rℓ¯).
Proof. Clearly, Φx is in C
n(g/h,Rℓ¯). By the relation (7.2), the form Φx is
stabilised by the twisted adjoint action of H = Gx. Taking derivatives shows
that Φx ∈ Cn(g/h,Rℓ¯)
h is an invariant for h. Since C∗(g/h,Rℓ¯)
h is a subcomplex
for dℓ¯ and C
k(g/h,M) = {0}, k > n, (for any module M), we deduce that
dℓ¯Φx = 0. Since C
n(g/h,Rℓ¯) is one-dimensional and spanned by Φx, h acts
trivially. ✷
The absolute class As a consequence of relation (7.2), we deduce:
Proposition 8.2 The forms Φx, x ∈ An, are elements of the cocycle vector
space Zn(g,Rℓ¯), and represent a unique cohomology class c¯ = [Φx] ∈ H
n(g,Rℓ¯),
which does not depend on x.
Proof. By Lemma 8.1, Φx is a cocycle. We show now that the associated
cohomology classes [Φx] ∈ Hn(g,Rℓ¯) do not depend on x. We argue as follows.
Recall that the representation ℓ defines a twisted adjoint action of G on the
cohomology groups Hk(g,Rℓ¯), whose derivative is induced by the operators
LX , X ∈ g, cf. Appendix B. Assuming G is connected, this inner action of G
on the cohomology is trivial, cf. [36]. If ρ is not prehomogeneous then Φx = 0,
for all x ∈ An. Hence, [Φx] = 0, and the claim is proved. Otherwise, let
x0 ∈ Uρ. The transformation formula (7.2) shows that the forms Φx, x ∈ Gx0,
form a twisted adjoint orbit in Zn(g,Rℓ¯). By the above remark, they represent
the same cohomology class c ∈ Hn(g,Rℓ¯). Therefore, the polynomial map
An → Hn(g,Rℓ¯), x 7→ [Φx] is constant on the Zariski dense subset Gx0. Hence,
it is constant. ✷
Definition 8.3 We call c¯ = c¯(ρ) ∈ Hn(g,Rℓ¯) the (absolute) characteristic class
of the affine representation ρ.
The geometric importance of the absolute class c¯(ρ) stems from:
Proposition 8.4 Let ρ : G → Aff(n) be an affine representation. If the abso-
lute characteristic class c¯(ρ) is different from 0 then ρ is transitive.
Proof. Assume that ρ is not transitive. Then, by Proposition 7.6, Φ(An)
contains 0. By Proposition 8.2, c¯(ρ) = 0. ✷
However, the class c¯ may vanish for a transitive affine representation. The
following example of a nilpotent transitive group is taken from [45]:
Example 8.1 Consider
g =


X(s, t, u, v) =


0 t v s
0 0 u t
0 0 0 u
0 0 0 0

 | s, t, u, v ∈ R


⊂ aff(3)
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Then g is the tangent algebra to a transitive action of a four-dimensional unipo-
tent group G ≤ Aff(n). The tangent algebra of the stabiliser at 0 ∈ A3 is
h = {X(0, 0, 0, v) | v ∈ R}. We put σ, τ, ω, ν, for the left invariant one-
forms dual to S = X(1, 0, 0, 0), T = X(0, 1, 0, 0), U = X(0, 0, 1, 0), V =
X(0, 0, 0, 1) ∈ g. Then dτ = dω = 0, and dν = −τ ∧ ω, dσ = ω ∧ ν. Thus
Φ0 = σ ∧ τ ∧ ω = −d(σ ∧ ν). But note that H3(g, h,R) =< [Φ0]> 6= {0}.
The example motivates the following construction of the relative classes.
The relative classes Let x ∈ An. We put h = gx for the stabiliser of x
under the action ρ¯. By Lemma 8.1, the form Φx represents a cohomology class
c¯(ρ, x) ∈ Hn(g, h,Rℓ¯).
Definition 8.5 We call c¯(ρ, x) = [Φx] ∈ Hn(g, h,Rℓ¯) the relative characteristic
class of the affine representation ρ, at x ∈ An.
Note that the forms Φ(ρ, x) vanish precisely outside the union of all open
orbits of G. Hence:
Lemma 8.6 If c¯(ρ, x) 6= 0, for some x ∈ An, then ρ is prehomogeneous.
In fact, we also have:
Lemma 8.7 Let x ∈ Uρ. Then c¯(ρ, x) 6= 0 if and only if Hn(g, h,Rℓ¯) 6= 0.
As example 8.1 shows, there exist transitive representations ρ, where G is
nilpotent, and the absolute class c¯(ρ) is zero, while all relative versions c¯(ρ, x)
are non-zero. In fact, in in section 8.2 below we show that c¯(ρ, x) is non-zero,
whenever ρ is transitive. We will also show that, for nilpotent groups G, the
non-vanishing of the class c¯(ρ, x), for some x ∈ An, implies transitivity of ρ.
Naturality properties
1. By construction, the relative classes c¯(ρ, x) map to the absolute class c¯(ρ)
under the natural homomorphism
Hn(g, h,Rℓ¯)→ H
n(g,Rℓ¯) .
2. Let L ≤ G be a closed subgroup, and let ρL : L → Aff(n) denote the
restriction of ρ to L. Then in the following commutative diagram (vertical
arrows denoting restriction homomorphisms)
Hn(g, h,Rℓ¯) −−−−→ H
n(g,Rℓ¯)y y
Hn(l, l ∩ h,Rℓ¯) −−−−→ H
n(l,Rℓ¯)
the classes c¯(ρ, x), c(ρ), map to c¯(ρL, x), c(ρL) respectively.
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3. Let A ∈ NAff(n)(ρ(G)), and c(A) : g → g the induced automorphism of g.
If h = gx then c(A)h = gAx. Consider the map of cohomology groups
c(A)∗ : Hn(g, gAx,Rℓ¯)→ H
n(g, gx,Rℓ¯).
Then, by (7.2),
c(A)∗c¯(ρ,Ax) = det ℓ(A)c¯(ρ, x) .
8.1.1 Alternative construction of the characteristic classes
Let Γ be a group. To any affine representation ρ : Γ → Aff(n) the translation
part t : Γ → Rn defines a cohomology class [t] ∈ H1(Γ,Rnℓ ), which vanishes if
and only if Γ has a fixed point on An. (See [58, 46] for some applications.)
Analogously, for a Lie algebra representation ρ¯ : g→ aff(n), the translation
part
t : g→ Rn
defines a class u ∈ H1(g,Rn
ℓ¯
), which is called the radiance obstruction. Goldman
and Hirsch [46, 45] considered the exterior powers
ui = Λiu ∈ Hi(g,
i∧
Rnℓ¯ ) .
By [45], if ui 6= 0 then every orbit of G has at least dimension i. Note that the
fixed n-form ν defines an isomorphism of g-modules
n∧
Rnℓ¯
∼= Rℓ¯ .
Under this isomorphism, the n-th exterior power of u identifies with c¯(ρ):
c¯(ρ) = Λnu .
The representation of c¯(ρ) as an exterior product of a class in degree one,
leads to an important application for compact affine manifolds, see section 9.2.
8.2 Significance of the relative classes
Let ρ : G → Aff(n) be a prehomogeneous representation. We show below that
the cohomology groups Hn(g, h,Rℓ¯) are computed by a characteristic character
χG/H(ρ), which is associated to ρ and G. We then explain how the group
Hn(g, h,Rℓ¯) is linked to the geometry of the semi-invariant measure, which is
induced by ρ on the homogeneous space X = G/H . As a first application,
we deduce that, for a transitive affine representation ρ, all relative cohomology
classes c¯(ρ, x) are non-zero (contrary to what may happen for the absolute class
c¯(ρ)).
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8.2.1 The character χG/H(ρ)
Let x ∈ Uρ. We put NG(H) for the normaliser of H = Gx in G. The adjoint
representation Ad : N(G) = NAff(n)(G) → GL(g) induces a quotient represen-
tation
AdG/H : NG(H)→ GL(g/h) .
We then define the unimodular character for G/H and ρ as
χG/H(ρ) = det ℓ(ρ) detAd
−1
G/H : NG(H)→ R
>0 .
The group N(G) acts on Cn(g,Rℓ¯) by the twisted adjoint action as in equation
(7.2). Since NG(H) normalises H and h, this action preserves the subspace
Cn(g/h,Rℓ¯) ⊆ C
n(g,Rℓ¯) .
Then NG(H) acts on the one-dimensional space
Cn(g/h,Rℓ¯)
∼= Hom(Λng/h,Rℓ¯)
with the character χG/H(ρ). For all A ∈ NG(H), equation (7.2) turns to
ΦAx = χG/H(ρ)(A) Φx . (8.1)
In particular, this implies that χG/H(ρ) factorises over H , that is,
χG/H(ρ)|H ≡ 1 .
Associated Lie algebra cohomology group By Proposition C.3, the char-
acter χG/H(ρ) computes the cohomology group H
n(g, h,Rℓ¯):
Proposition 8.8 The following conditions are equivalent:
1. χG/H(ρ) : (NG(H)/H)
0 → R>0 ≡ 1.
2. Hn(g, h,Rℓ¯) 6= {0}.
Example 8.2 If NG(H)
0 = H0 then Hn(g, h,Rℓ¯) 6= {0}. For example, the
automorphism group G = Aut(H2) of a halfspace has H2(g, h,Rℓ¯) = R.
Induced semi-invariant measure on X= G/H We put X = G/H for the
associated homogeneous space, where H = Gx. The pull back of the parallel
volume form ν on An defines a semi-invariant measure on X . Its properties
strongly interact with the geometry of the representation ρ.
The following geometric interpretation of the characteristic character χG/H(ρ)
is a consequence of Lemma C.2:
Proposition 8.9 Let ρ : G → Aff(n) be a prehomogeneous representation,
x ∈ Uρ and X = G/H the associated homogeneous space. Then the following
conditions are equivalent:
1. |χG/H(ρ)| : NG(H)→ R
>0 ≡ 1.
2. The semi-invariant measure on X, which is induced from a parallel volume
form ν on An, is invariant by the right-action of NG(H) on X.
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Homogeneous domains with non-vanishing relative class We say that
the affinely homogeneous domain U has a non-vanishing relative class, if the
relative cohomology groups for the group G = Aff(U) are non-vanishing.
Corollary 8.10 Let U be a homogeneous affine domain, G = Aff(U), and
H = Gx, for x ∈ Uρ. If H
n(g, h,Rℓ¯) 6= {0} then the center Z(G) of Aff(U) is a
connected unipotent group.
Proof. Clearly, Z(Aff(n), G)0 ≤ NG(H). Thus, by our assumption, the char-
acter χG/H(ρ) is trivial on Z(Aff(n), G)
0. Since Z(Aff(n), G)0 is in the kernel
of the representation AdG/H , this implies that the elements of Z(Aff(n), G)
0
are volume preserving on An. By Corollary 6.14, Z(Aff(n), G) is a connected
unipotent group. Thus, Z(G) = Z(Aff(n), G). ✷
Example 8.3 Among the two-dimensional homogeneous domains, precisely U =
R2 − {0}, and the sector U = Q2 have vanishing relative class.
8.2.2 Transitive representations
As remarked before, χG/H(ρ) is trivial on H , for any prehomogeneous affine
representation ρ. If ρ is transitive then χG/H(ρ) is trivial on all of NG(H):
Corollary 8.11 If ρ is a transitive affine representation then |χG/H(ρ)| ≡ 1 on
NG(H).
Proof. By Proposition 7.7, the orbit ΦAx, A ∈ NG(H) must be bounded away
from 0. By formula (8.1), this can only be if χG/H(A) ∈ {1,−1}. ✷
We have the following consequence:
Theorem 8.12 Let ρ : G → Aff(n) be a transitive affine representation. For
x ∈ An, put h = gx. Then, for all x ∈ An, the cohomology class c¯(ρ, x) ∈
Hn(g, h,Rℓ¯) is non-zero.
Proof. Since G is transitive, the character χG/H is trivial, by Corollary 8.11.
This implies, Hn(g, h,Rℓ¯)
∼= R, by Proposition 8.8. More specifically, the natu-
ral map induces an isomorphism of the group of relative n-cocycles Cn(g, h,Rℓ¯)
with Hn(g, h,Rℓ¯)
∼= R. Since Φx 6= 0, [Φx] = c¯(ρ, x) ∈ H
n(g, h,Rℓ¯) is a non-zero
generator of Hn(g, h,Rℓ¯). ✷
Remark that, conversely, if, for all x ∈ An, c¯(ρ, x) 6= 0 then G acts transi-
tively.
Corollary 8.13 Let ρ : G→ Aff(n) be a transitive affine representation. Then
Hn(g, h,Rℓ¯) 6= {0}.
We thus note (compare Proposition 8.9):
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Corollary 8.14 Let ρ : G→ Aff(n) be a transitive affine representation. Then
the semi-invariant measure on X = G/H with character det ℓ(ρ) is right-
invariant by NG(H).
For a transitive algebraic representation, we add the following observation:
Proposition 8.15 Let ρ : G→ Aff(n) be a transitive algebraic affine represen-
tation. Then the following are equivalent:
1. ρ is volume preserving.
2. detAdg/h ≡ 1 on H.
3. detAdg/h ≡ 1 on NG(H)
0.
Proof. Put λ = det ℓ(ρ). If ρ is volume preserving then H ≤ kerλ. More-
over, χG/H(ρ) ≡ 1 on H , as for any prehomogeneous representation. Thus,
detAdg/h ≡ 1 on H . Conversely, assume detAdg/h ≡ 1 on H . Then H ≤ kerλ.
Since the unipotent radical of ρ(G) acts transitively, kerλ acts transitively. Thus
ρ(G) = ρ((kerλ)H) = ρ(kerλ). Therefore, λ ≡ 1. It follows the equivalence of
1. and 2.
By Corollary 8.11, the analogous argument may be used to show the equiv-
alence of 1. and 3. ✷
Corollary 8.16 Let ρ : G→ Aff(n) be a transitive affine representation. Then
ρ is volume preserving if and only if X = G/H admits a G-invariant measure.
8.3 Affine representations of nilpotent groups
In the case of nilpotent groups, we can summarise as follows:
Theorem 8.17 Let ρ : G → Aff(n) be an affine prehomogeneous representa-
tion, where G is a connected nilpotent Lie group. Let x ∈ Uρ, and put H = Gx.
Then the following are equivalent:
1. ρ is transitive on An.
2. χG/H(ρ) ≡ 1 on NG(H)
0.
3. Hn(g, h,Rℓ¯) 6= 0.
4. The semi-invariant measure induced by a parallel volume on X = G/H is
invariant by the right-action of NG(H)
0.
5. The induced semi-invariant measure on X is a G-invariant measure.
6. ρ(G) is volume preserving.
7. ρ(G) is unipotent.
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Proof. If ρ is transitive thenHn(g, h,Rℓ¯) 6= 0, by Theorem 8.12. By Proposition
8.8 and Proposition 8.9, this implies that χG/H(ρ) ≡ 1 on NG(H)
0, and also
that the induced semi-invariant measure is invariant by NG(H)
0. Since G is
nilpotent this implies (cf. Example C.1) that the character det ℓ(ρ) is trivial on
NG(H)
0. Moreover ρ(G) ≤ ρ(G)
R
= TU , where T is a central subgroup of
diagonalisable elements, and U is unipotent. By functoriality we may assume
now that ρ(G) = ρ(G)
R
. It follows that det ℓ(ρ) = 1 on the central subgroup T .
Since det = 1 on U , ρ(G) is volume preserving, and, in particular, the induced
measure is an invariant measure. By Corollary 7.8, ρ(G) is volume preserving
implies that ρ is transitive. ✷
Moreover, transitivity of a nilpotent affine representation is determined by
the relative class c¯(ρL, x) at an arbitrary point x ∈ An:
Corollary 8.18 Let ρ : G → Aff(n) be an affine representation, where G is a
connected nilpotent Lie group, and let x ∈ An. Then ρ is a transitive represen-
tation if and only if
0 6= c¯(ρ, x) ∈ Hn(g, h,Rℓ¯) .
Proof. Assume that c¯(ρ, x) ∈ Hn(g, h,Rℓ¯) is different from zero. In partic-
ular, this implies that 0 6= Φx ∈ Cn(g, h,Rℓ¯). Thus, the representation ρ is
prehomogeneous at x. By Theorem 8.17, ρ is transitive. ✷
Note, that in the situation of Theorem 8.17, Rℓ¯ = R is the trivial g-module.
Theorem 8.17, together with Corollary 8.18 characterise transitivity for nilpo-
tent affine actions. In particular, the results summarise various special cases,
which have been obtained in the literature before: see [67] for e´tale affine rep-
resentations of nilpotent groups, [45] for relation with the absolute classe c¯(ρ),
and [34] for nilpotent representations with invariant scalar product (compare
also sections 6.6, 6.7).
8.3.1 Minimal classes for algebraic group actions
Let ρ be an algebraic representation.
Definition 8.19 A relative class c¯(x, ρ) will be called minimal if NG(H) con-
tains a maximal R-split torus in G, where H = Gx.
For example, if G is nilpotent then c¯(x, ρ) is minimal, for all x ∈ An. Every
reductive subgroup of G fixes a point x ∈ An. Therefore, every ρ has minimal
relative classes c¯(x, ρ).
The following result generalises Corollary 8.18:
Theorem 8.20 Let ρ : G → Aff(n) be an affine representation, where G is
algebraic. Let x ∈ An such that c¯(ρ, x) is minimal, and put h = gx. Then ρ is
transitive if and only if c¯(ρ, x) ∈ Hn(g, h,Rℓ¯) is different from zero.
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Proof. Assume c¯(ρ, x) 6= 0. Then, in particular, ρ is prehomogeneous at
x. Since Hn(g, h,Rℓ¯) is different from zero, χG/H(ρ) ≡ 1, on NG(H)
0. In
particular, by (8.1), NG(H)
0 is contained in the stability group of Φx. By
Proposition A.3, the orbit c(G)∗Φx is closed in C
n(g, h,Rℓ¯). Hence, Proposition
7.7 implies that ρ is transitive. ✷
8.4 Prehomogeneous representations with reductive sta-
biliser
A homogeneous space G/H is called reductive if the adjoint action of H on g
is reductive. In particular, the Lie algebra h acts reductively on g, and there
is a h-invariant direct decomposition g = h ⊕ p, where p is a vector subspace
isomorphic to g/h, and h acts reductively on g/h. Let ρ : G → Aff(n) be a
prehomogeneous affine representation. We call ρ reductive if, for some x ∈ Uρ,
the isotropy algebra h for the homogeneous space G/H , H = Gx is reductive
in g.1 In particular H0 is a reductive subgroup in Aff(n). Also ρ is reductive if
h = {0}. This covers the important special case of e´tale affine representations,
as well.
The character χ Let ρ : G → Aff(n) be a prehomogeneous representation,
where G is connected. We define the characteristic character
χ = χ(ρ) : G → R>0
by putting
χ(ρ)(g) = det ℓ(g) detAd(g)−1 .
Let Adh denote the adjoint representation of NG(H) restricted to h. On NG(H)
we have χ(ρ) = (detAdh)
−1 χG/H(ρ).
Lemma 8.21 Let ρ be a reductive representation, where G is connected. Then
χ(ρ) = χG/H(ρ) on NG(H)
0. Moreover, χ(ρ) ≡ 1 if and only if χG/H(ρ) ≡ 1
on NG(H)
0.
Proof. Since h is a reductive Lie Algebra detAdh(h) = 1, for all h ∈ H0. Let
ph be the elements of p, centralised by h. Since h acts reductively,
n(g, h) = h+ ph (8.2)
and
g = n(g, h) + [p, h] . (8.3)
It follows from (8.2) that det Adh(n) = 1, for all n ∈ NG(H)0. Therefore,
χ(ρ) = χG/H(ρ) on NG(H)
0. In particular, χ(ρ) ≡ 1, implies χG/H(ρ) ≡ 1 on
NG(H)
0.
1A particular important class of examples appears in the work of Sato and Kimura [98] on
regular reductive prehomogeneous vector spaces, where both G and H are assumed reductive.
See also [68], and Example 8.4.
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For the converse, assume that χG/H(ρ) ≡ 1 on NG(H)
0. Then the corre-
sponding infinitesimal character χ¯G/H : n(g, h)→ R vanishes. Since χ¯G/H is the
restriction of the infinitesimal character χ¯ : g → R, which belongs to χ(ρ), the
decomposition (8.3) implies that χ¯ ≡ 0. Hence, the character χ(ρ) is constant.
✷
Note, in particular, that χ(ρ) ≡ 1 on H .
Corollary 8.22 Let ρ : G→ Aff(n) be a reductive prehomogeneous representa-
tion, which is transitive. Then |χ(ρ)| ≡ 1.
Recall (cf. [73, 60]) that h is called not homologous to zero in g if the restric-
tion homomorphism Hq(g,R) → Hq(h,R) is surjective, for all q. For example,
if g = j ⊕ h, where j is an ideal in g then h is not homologous to zero. If h is
reductive in g, then surjectivity of Hq(g,R)→ Hq(h,R), q = dim h, is sufficient
for h being not homologous to zero. If h is not homologous to zero then (cf.
[60, Theorem 12]) it follows, in particular, that the natural map on cohomology
H•(g, h,Rλ)→ H•(g,Rλ) is injective, for any one-dimensional module Rλ.
We summarise:
Corollary 8.23 Let ρ : G→ Aff(n) be a reductive prehomogeneous representa-
tion. If h = gx is not homologous to zero in g, then the following are equivalent:
1. ρ is transitive.
2. |χ(ρ)| ≡ 1.
3. Hn(g, h,Rℓ¯) 6= {0}.
4. Hn(g,Rℓ¯) ∋ c¯(ρ) 6= 0.
Remark If h is reductive in g, we could (in lieu of Lemma 8.21) have
applied Poincare´ duality for relative cohomology (see [69]). Thereby,
Hk(g, h,Rλ) ∼= H
n−k(g, h,Rad ⊗ R
∗
λ)
∗ ,
where n = dim g/h. The module Rad ⊗ R∗ℓ¯ is determined by the character −χ¯.
Moreover,
H0(g, h,Rad ⊗ R
∗
ℓ¯ ) = H
0(g, h,Rχ¯) = R
g
χ¯
is non-zero if and only if χ¯ = 0.
8.4.1 Prehomogeneous domains of reductive algebraic representa-
tions
Corollary 8.24 Let ρ : G → Aff(n) be a reductive prehomogeneous represen-
tation, which is algebraic. Then ρ is transitive if and only if the absolute class
c¯(ρ) ∈ Hn(g,Rℓ) is non-vanishing.
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Proof. If ρ is a transitive algebraic representation then ρ(G) = UT , where T
is maximal reductive. In particular, T = Gx fixes a point x ∈ An. By Theorem
8.12, 0 6= c¯(ρ, x) ∈ Hn(g, t,Rℓ¯). Since t is not homologous to zero in g, its image
c¯(ρ) ∈ Hn(g,Rℓ) is non-zero. ✷
Example 8.4 (Regular prehomogeneous vector spaces) Let ρ be a linear
prehomogeneous algebraic representation. If H is reductive then the set Uρ is
the complement of a hypersurface, and it is also the set of real points of an affine
algebraic variety. (See, for example, [68, p.41ff], for reference.) In particular,
any open orbit ρ(G)x is (a connected component) of the set of real points of an
affine algebraic variety. If furthermore ρ(G) is reductive then the representa-
tion space (ρ(G),Rn) is called a regular prehomogeneous vector space. By [68,
Proposition 2.26] there exists a non-degenerate relative invariant for ρ(G) which
has character (det ρ)2. In particular, χρ = det ρ 6= 1. It follows, in particular,
that Hn(g, h,Rℓ) = {0}, for a regular prehomogeneous vector space.
Using arguments as in [68, loc. cit.], we note:
Proposition 8.25 Let ρ be a prehomogeneous algebraic representation. If H
is reductive then the affine homogeneous domain Uρ is the complement of a
hypersurface, and it is also the set of real points of an affine algebraic variety.
In particular, in the situation of the proposition, there exists a relative polyno-
mial invariant
δ : An → R ,
satisfying δ ρ(g) = τ(g) δ, for some character τ : G→ R 6=0, and
Uρ = Uδ = {x ∈ A
n | δ(x) 6= 0} .
One can show that there is a one-to-one correspondence between algebraic char-
acters of G which factor over H , and the irreducible components of the comple-
ment of Uρ. Hence, the group of characters, which factor over H is of rank one
if Uρ 6= An. We conclude that χ(ρ) must be a power of τ .
Corollary 8.26 Let ρ : G → Aff(n) be an algebraic reductive prehomogeneous
representation. Then the following are equivalent:
1. ρ is transitive.
2. |χ(ρ)| ≡ 1.
3. Hn(g, h,Rℓ¯) 6= {0}.
4. Hn(g,Rℓ¯) ∋ c¯(ρ) 6= 0.
Proof. By the previous corollary, we have the equivalence of 1., 3. and 4.
Assume that 1. holds. By the above remarks, this implies that the character
|χ(ρ)| is constant. Conversely, if |χ(ρ)| is constant, then χG/H(ρ) is constant on
NG(H)
0. By Proposition 8.8, this implies 3. ✷
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By Corollary 7.8, the equivalences 1.-3. of Corollary 8.23 and Corollary 8.26
also hold if G is nilpotent. However, in general, χ(ρ) ≡ 1 does not imply
transitivity:
Example 8.5 Consider the 2-dimensional linear prehomogeneous representa-
tion of the group SL(2,R) on R2. It has open orbit R2−{0}. The stabiliser H =
Gx, x 6= 0, is a unipotent subgroup. Moreover, χSL(2,R) ≡ 1, but χSL(2,R)/H 6= 1.
In particular, H2(sl(2,R), h,R) = {0}.
Also, the character χ may not be trivial for a transitive representation, as
the following example shows:
Example 8.6 Let G = R2 ⋊H ≤ Aff(2), where H ≤ SL(2,R) denotes the 2-
dim. solvable group of upper triangular matrices, and R2 is the group of trans-
lations. Then G is transitive and χG 6= 1.
8.4.2 The case of e´tale affine representations
If the affine representation ρ is e´tale then h = {0}, and there are no relative
versions of the characteristic class c(ρ). As a special case of Corollary 8.23, we
obtain:
Proposition 8.27 Let G be a Lie group, and ρ : G→ Aff(n) be an affine e´tale
representation. Then the following are equivalent
1. ρ is transitive.
2. χ(ρ) ≡ 1.
3. Hn(g,Rℓ¯) 6= {0}.
This result (in particular, the equivalence of 1. and 2.) appears in the work
of Helmstetter [55], Kim [67], whereas the relation with the cohomology group
Hn(g,Rℓ¯) is introduced in [45]. It also plays a role in the theory of prehomo-
geneous vector spaces, see [68]. As shown in section 5.4, if ρ is an e´tale affine
representation, the character χ relates to a relative invariant δ of ρ. This may
also be interpreted as follows:
Example 8.7 Any right-invariant volume form on G induces a volume form η
on Uρ. By comparison with the parallel volume ν on A
n, we can write
η = fν ,
for some function f on Uρ. It follows that δ = f
−1 is a relative invariant for G
with character χ, satisfying δ η = ν.
Choose linear independent affine vector fields X¯1, . . . X¯n, whose flows generate
ρ(G), and such that η(X¯1, . . . , X¯n) = 1. Then
δ(x) = ν(X¯1(x), . . . , X¯n(x)) .
It follows that the function δ is a polynomial on Rn, and the zeros of δ describe
the boundary of Uρ.
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9 Compact affine manifolds and prehomogeneous
algebraic groups
Here, we develop a theme, which is contained in a series of papers [58, 46,
45] by Goldman and Hirsch. Their ideas show a strong link of the parallel
volume conjecture with the theory of prehomogeneous affine representations, as
presented in the previous two sections.
9.1 Holonomy of compact complete affine manifolds
A basic remark concerning compact complete affine manifolds is:
Theorem 9.1 LetM be a compact complete affine manifold, and Γ = h(π1(M))
its affine holonomy group. Then the Zariski closure A(Γ) of Γ acts transitively
on An.
Proof. Let U be the unipotent radical of A(Γ). Every orbit Ux is a contractible
closed submanifold of An which is preserved by Γ. Since Γ acts properly dis-
continuously and freely on Ux, the quotient Γ\Ux is a compact manifold. Con-
sidering the cohomological dimension cd(Γ) of the group Γ over Z (see [22]), we
have n = dimAn = dimM = cd(Γ) = dimΓ\Ux. Thus Ux = An. ✷
Polynomial volume forms A volume form on M is called a polynomial
volume form if it is expressed by a polynomial function in the affine coordinates
of M . The following observation is thus an immediate consequence of Theorem
9.1 and Corollary 8.16:
Proposition 9.2 LetM be a compact complete affine manifold. Put G = A(Γ),
and H = Gx, for some x ∈ An. Then the following conditions are equivalent:
1. M has a parallel volume form.
2. M has a polynomial volume form.
3. The homogeneous space G/H admits a G-invariant volume.
In particular, every polynomial volume form on a compact complete affine
manifold is parallel.
It seems natural to conjecture that on a compact affine manifoldM a polyno-
mial volume form must be parallel. In [41], this is proved under the assumption
that the holonomy group Γ of M is nilpotent. Not much seems to be known in
the general case.
Question 6 Let M be a compact affine manifold. Is every polynomial volume
form on M parallel?
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Example 9.1 Let ρ : G → Aff(n) be an e´tale affine representation. Assume
that G admits a uniform lattice Γ. Every polynomial volume form on
M = Γ \G
lifts to a Γ-left-invariant volume form µ on G, which is polynomial. We may
integrate µ with respect to a finite G-invariant volume λ on Γ \G, to obtain a
polynomial volume form η, which is left-invariant on G. Explicitly, if Xi are
vector fields on G,
η(X1, . . . , Xn) =
∫
Γ \G
l∗gµ (X1, . . . , Xn) dλ .
Since Γ is uniform, G is unimodular and, therefore, η is also right-invariant on
G. As in Example 8.7, we can write
η = fν ,
where δ = f−1 is a polynomial. Since η is polynomial, also f is a polynomial.
It follows that f must be constant. Hence, the parallel volume on G is left-
invariant. This implies that G and M are complete (see Corollary 5.7). By the
above, since M is complete, the polynomial volume form µ is parallel.
9.2 Holonomy of compact volume preserving affine mani-
folds
Let M be a compact affine manifold, and Γ = hol(π1(M)) its affine holonomy
group. We put A(Γ) for the Zariski closure of Γ in Aff(n). The following striking
observation is the main result of [45].
Theorem 9.3 (Goldman-Hirsch, [45]) Let M be a compact affine manifold
with parallel volume. Then A(Γ) acts transitively on An.
We put G = A(Γ), and H = Gx, for some x ∈ An. The proof of Theorem
9.3, which we will explain below, then shows:
Corollary 9.4 Let M be a compact affine manifold with parallel volume. Then
the absolute characteristic class c¯(G) ∈ Hn(g,R) is non-zero.
We also obtain the following strong restriction on the homogeneous spaces
G/H , which may appear as Zariski closures of the holonomy groups of compact
volume preserving affine manifolds.
Corollary 9.5 Let M be a compact affine manifold with parallel volume. Then
dimHn(g, h,R) = 1 ,
and the natural homomorphism
Hn(g, h,R)→ Hn(g,R)
is injective.
76
Proof. By Theorem 9.3, A(Γ) acts transitively, and by Corollary 9.4, the
absolute class c¯(G) ∈ Hn(g,R) is non-zero. Since, as described in section 8.1,
c¯(G) is the image of a relative class c¯(G, x) ∈ Hn(g, h,R), the claim follows. ✷
Here is an important consequence of Theorem 9.3 concerning the divisibility
of homogeneous domains.
Corollary 9.6 Let U be a homogenous domain which is divisible by a properly
discontinuous group Γ of affine transformations. Then either U = An or there
exists an element γ ∈ Γ with det γ > 1.
Proof. Follows immediately, since A(Γ)0 ≤ Aff(U) preserves U . (See section
6.4.) ✷
More generally, Theorem 9.3 implies that the development image of a compact
volume preserving affine manifoldM is not contained in a proper semi-algebraic
subset of An. (See [45]).
One can also use Theorem 9.3 to deduce:
Corollary 9.7 ([45]) A compact homogeneous affine manifold M with parallel
volume is complete.
Proof. In fact, the universal cover X of a homogeneous affine manifold M
develops onto an affine homogeneous domain U , and the development map is a
covering map. IfM is volume preserving U is divisible by a a volume preserving
properly discontinuous group Γ of affine transformations. Hence, U = An. It
follows that the development map of M is a covering map onto An. Therefore,
it is a diffeomorphism. Thus, M is complete. ✷
See section 4.2, for an independent proof of the latter fact.
For an application of Theorem 9.3 concerning the structure of the groups of
isometries of compact flat Pseudo-Riemannian manifolds, see section 3.3.
9.2.1 Proof of Theorem 9.3
We outline the proof of Theorem 9.3 using the main ideas of [45], which relate
nicely to the concepts discussed in section 8.1. The basic new tools which we
require stem from the cohomology theory of discrete groups (as documented for
example in [22]), and the cohomology of algebraic linear groups G, as developed
in [59].
Cohomology of algebraic linear groups LetG = UT be an algebraic linear
group, where U is the unipotent radical and T is a maximal reductive subgroup.
We let g, u, t denote their corresponding Lie algebras, which are subalgebras
of aff(n). Let V be a rational G-module. The algebraic cohomology groups
Hialg(G, V ) are defined in [59]. For any subgroup Γ of G, there exists then a
natural restriction homomorphism
rΓ : H
i
alg(G, V )→ H
i(Γ, V )
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into the ordinary cohomology groups of Γ. Moreover, the groups Hialg(G, V )
may be computed by the Hochschild isomorphism
hs : Hialg(G, V )→ H
i(u, V )T ,
which identifies Hialg(G, V ) with the T -invariants of the Lie algebra cohomology
of the unipotent radical. (See [59] for reference.)
Discrete cohomology of Γ, and cohomology of M Let M be a manifold,
Γ = π1(M). There exists a natural homomorphism
q : Hi(Γ, V )→ Hi(M,V)
where V is the local coefficient system onM induced by V . IfM has contractible
universal cover X then q is an isomorphism. Moreover q is an isomorphism on
H1. (See for example [22, VII, §7] or [77, IV, §11].)
The proof of Theorem 9.3 then builds on the following two remarks:
Functoriality of the characteristic class un Let Γ = hol(π1(M)) be the
holonomy of a compact volume preserving affine manifold, and G = A(Γ) =
UT its Zariski closure in Aff(n). As remarked in section 8.1.1, the translation
part t, defines a characteristic class un, within the n-th cohomology groups
with coefficients in R =
∧n
Rn. The characteristic class u (and therefore un)
is naturally defined in the discrete group-, algebraic group- and Lie algebra
cohomology theory, and, as observed in [45], it is compatible with the restriction
homomorphisms and the Hochschild isomorphism hs.
Representation of un in de Rham cohomology It is proved in [46] that
q(un) ∈ Hn(M,R) is represented by the parallel volume form in the de Rham
cohomology group HndR(M,R) of M .
Proof of Theorem 9.3 Since M is compact, the de Rham cohomology class
q(un) of the parallel volume form onM does not vanish. Therefore, in particular
un 6= 0. By the Hochschild isomorphism this also holds for un ∈ Hn(u,R). As
remarked in section 8.1.1, un corresponds to the class c¯(u), which is therefore is
non-vanishing. Therefore, U acts transitively on An. ✷
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A Linear algebraic groups
We provide some background material and basic facts from the theory of linear
algebraic groups and algebraic group actions.
A.1 Definition of linear algebraic groups
A subgroup G ≤ GL(n,C) is a linear algebraic group if it is the zero locus of
polynomial equations in its matrix entries. A subgroup G ≤ GL(n,R) is said to
be a real linear algebraic group if it is closed with respect to the Zariski topology
on GL(n,R). A real linear algebraic group G is thus defined as the real zero
locus of a set of real polynomials in its matrix entries. In particular, G is of the
form G = G(R), for some linear algebraic group G, which is defined over the
reals. A homomorphism ρ : G → L between linear algebraic groups is called a
morphism of algebraic groups or algebraic homomorphism if it may be expressed
by polynomials in the matrix entries of G.
If G ≤ GL(n,R) is any subgroup, we let G
R
≤ GL(n,R) denote its real
Zariski closure, which is the smallest real algebraic subgroup containing G.
Correspondingly, let G ≤ GL(n,C). Then its Zariski closure G
Z
≤ GL(n,C) is
the smallest linear algebraic group containing G.
A.2 Structure theory
Unipotent groups A linear algebraic group is called unipotent if it is con-
jugate to a subgroup of the group of all upper triangular matrices which have
only 1 as eigenvalue. All its elements are unipotent matrices. Every connected
subgroup of unipotent matrices in GL(n,R) is a unipotent real linear algebraic
group. Also every unipotent linear algebraic group is connected. (See [21] or
[91] for more details.)
Reductive groups A subgroup G of GL(n,R) is called reductive if every
G-invariant subspace in Rn has a G-invariant complement in Rn. Main exam-
ples are compact subgroups, semisimple groups and (complex-) diagonalisable
groups. A linear algebraic group G is reductive if and only if its unipotent
radical U is trivial. A connected abelian group of semisimple elements is called
an algebraic torus.
Levi-splitting Every linear algebraic group G ≤ GL(n,C) splits as a semidi-
rect product of linear algebraic groups G = HU, where H is reductive and U is
the maximal unipotent normal subgroup of G. The groupU is called the unipo-
tent radical of G. The splitting induces a corresponding splitting of the groups
of real points. In particular, every real linear algebraic group G ≤ GL(n,R)
splits as a semidirect product of linear algebraic groups G = HU(G), where H
is reductive and U(G) is the unipotent radical of G. See [21, 91].
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A.3 Orbit closure
Every orbit Gx of a linear algebraic group G on a vector space (or algebraic
variety) contains a closed orbit in its Zariski closure Gx
Z
, and the orbit Gx
is open in its closure. This is called the closed orbit lemma, see [21, 1.8]. By
the latter fact and [88, I.10], orbit closure in the Zariski-topology and in the
the Euclidean (Hausdorff) topology coincide. Concerning the topology of real
algebraic group actions we have:
Proposition A.1 If G is a linear algebraic group defined over R, then the real
points XR of the orbit X = Gx form a finite union of orbits of GR. Moreover,
if X is closed, the orbits of GR in the real algebraic variety XR are closed in the
Euclidean topology.
For this result, see [17, Proposition 2.3]. If G is reductive also the converse
holds, cf. [20].
Proposition A.2 (See [20, 21, 97]) Let U be a unipotent linear algebraic
group, which acts on a vector space (or on an affine algebraic variety). Then
every orbit of U is closed.
The analogous result holds for actions of unipotent real linear algebraic
groups. That is, every orbit of a unipotent real algebraic group is closed in
the real Zariski-topology.
For algebraic actions, which are defined over R, the preceding result gener-
alises as follows. Let G ≤ GL(n,C) be a linear algebraic group which is defined
over R. Recall that a torus T ≤ G is called R-split if it can be diagonalised
with respect to a real basis.
Proposition A.3 (See [20]) If G is defined over R, and the stabiliser Gx, of
x ∈ Rn, contains a maximal R-split torus of G then the orbit Gx is Zariski
closed.
A corresponding result holds for real algebraic group actions. Namely, if Gx
contains the maximal connected diagonalisable subgroup A of G, then Gx is
closed in the Euclidean topology. (This can be proved directly as a consequence
of Proposition A.2 and the Iwasawa decomposition (see [91]) G = KAN =
KNA, where K is compact, N is unipotent.)
B Lie algebra cohomology
Here we introduce Lie algebra cohomology, and relative Lie algebra cohomology.
We compute the top cohomology group in relative Lie algebra cohomology with
one-dimensional coefficients.
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B.1 Definition of Lie algebra cohomology
Let g be a Lie algebra over the reals. (We shall use the real numbers as ground
field, for convenience.) Let V = Vλ be the g-module, corresponding to an action
λ : g→ gl(V ). Let
Ck(g, V ) = (
k∧
g)∗ ⊗ V
be the module of k-forms on g with values in V . The Lie algebra g acts on
Ck(g, V ) by the adjoint action on
∧k
g∗ twisted with λ. For X ∈ g, the corre-
sponding operator LX : C
k(g, V ) → Ck(g, V ) is called the Lie derivative. For
ω ∈ Ck(g, V ), we put ιXω ∈ Ck−1(g, V ) to denote the contraction with X .
Then the following commutation formula holds:
ιY LX = LX ιY − ι[X,Y ] . (B.1)
The boundary operator dV : C
k(g, V ) → Ck+1(g, V ) is a differential of
degree one, which commutes with the operators LX . It is defined inductively
by the relation
ιX dV + dV ιX = LX . (B.2)
Recall, that dV may be explicitly computed as
dV ω (Y1 ∧ · · · ∧ Yk) =
k∑
l=1
(−1)l+1λ(Yl)
(
ω(Y1 ∧ · · · ∧ Yˆl ∧ · · · ∧ Yk)
)
+
∑
r<s
(−1)r+sω([Yr, Ys] ∧ Y1 ∧ · · · ∧ Yˆr ∧ · · · ∧ Yˆs ∧ · · · ∧ Yk) .
As usual, Zk(g, V ) = {ω ∈ Ck(g, V ) | dV ω = 0} denotes the group of k-cocycles,
and Bk(g, V ) = {dV η | η ∈ Ck−1(g, V )} ⊂ Zk(g, V ) the group of coboundaries.
The complex (C•(g, V ), dV ) is called the Koszul-complex. Its cohomology vector
spaces Hk(g, Vλ) = Z
k(g, V )/Bk(g, V ) are called the cohomology groups of g
with coefficients in V .
B.2 Relative Lie algebra cohomology
Let h ⊂ g be a subalgebra. We shall also consider the relative cohomology groups
Hk(g, h, V ). Let Ck(g/h, V ) denote the subspace of cochains in Ck(g, V ) which
vanish if one argument is contained in h. Note that Ck(g, h, V ) ∼= Λk(g/h∗, V ).
As follows from (B.2), the h-invariants
C•(g/h, V )h ∼= Homh(Λ
•g/h, V ) ,
are preserved by dV , and thus form a subcomplex C
•(g, h, V ) of the Koszul com-
plex (C•(g, V ), dV ). This subcomplex is called the complex of relative cochains.
Its cohomology groups are the relative cohomology groups Hk(g, h, V ). Note, in
particular, that the inclusion of cochain complexes, induces natural homomor-
phisms
Hk(g, h, V )→ Hk(g, V ) .
See [60, 69, 73] for detailed reference on Lie algebra (co-) homology.
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B.2.1 Top cohomology group with one-dimensional coefficients
Note that Hk(g, h, V ) = {0}, k > n = dim g/h . Let λ : g→ R be a one dimen-
sional representation. We shall compute the top cohomology groupHn(g, h,Rλ).
Let n(g, h) denote the normaliser of h in g. Let ad : g → gl(g) denote the
adjoint representation, adg/h : n(g, h) → gl(g/h) the quotient representation.
Note, in particular, that (induced by the adjoint action) n(g, h) acts on the one
dimensional module Cn(g/h,R). Since Cn(g/h,R) ∼= Λn(g/h)∗, n(g, h) acts with
the character −trace adg/h. The Lie derivatives LX , for X ∈ n(g, h), preserve
Cn(g/h,Rλ) ⊆ Cn(g,Rλ), and, thereby, n(g, h) acts with the character
χ¯λ = λ− trace adg/h (B.3)
on Cn(g/h,Rλ), that is, for all τ ∈ C
n(g/h,Rλ),
LXτ = χ¯λ(X) τ . (B.4)
Now the following holds:
Proposition B.1 Let n = dim g/h. Then the group Hn(g, h,Rλ) is non-zero if
and only if χ¯λ ≡ 0.
Proof. Assume that Hn(g, h,Rλ) 6= {0}. Then, in particular, there exists a
non-zero generator τ of the module Cn(g, h, λ) = (Λn(g/h)∗)
h
. We compute the
boundary operator dλ : C
n−1(g, h, λ)→ Cn(g, h, λ): Let ω ∈
(
Λn−1(g/h)∗
)h
be
a relative n−1 cochain. By duality in C•(g/h,R), there exists X ∈ g, such that
ιXτ = ω. Moreover, by (B.1), 0 = LHω = LHιXτ = ι[H,X]τ , for all H ∈ h. In
fact, this implies that X ∈ n(g, h). Using (B.2), we compute
dλω = dλιXτ = LXτ = χ¯λ(X)τ . (B.5)
Therefore, if χ¯λ 6= 0, Hn(g, h,Rλ) = {0}.
For the converse, assume Hn(g, h,Rλ) = {0}. Then either (Λng/h∗)
h = {0},
or dλ 6= 0. In the first case, we must have χ¯λ(H) 6= 0, for some H ∈ h. In the
second case, we may use the computation of the boundary (B.5), to conclude
χ¯λ 6= 0. ✷
The special case, Hn(g) 6= 0, n = dim g, if and only if g is unimodular, is
due to Koszul [73].
Example B.1 If g is nilpotent then the group Hn(g, h,Rλ) is non-zero if and
only if λ ≡ 0 on n(g, h).
For an interpretation of Hn(g, h,Rλ) concerning invariant measures on ho-
mogeneous spaces, see Proposition C.3.
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C Invariant measures on homogeneous spaces
We briefly give some standard background material on the existence of invariant
measures on homogeneous spaces. One may consult [95][Chapter I] or [113] for
more detailed reference. We then proceed to show that the top relative Lie
algebra cohomology group with one-dimensional coefficients, which is associated
to a semi-invariant measure on a homogeneous space, carries information about
the measure preserving automorphisms of the space. This extends a well known
non-vanishing result of Koszul [73] on the top cohomology of unimodular Lie
groups.
C.1 Semi-invariant and invariant measures
Let G be a Lie group, H ≤ G is a closed subgroup. We put X = G/H for
the associated G-homogeneous space, n = dimX . Let Lg : X → X denote
left-multiplication with g ∈ G. A Borel measure µ on X is called semi-invariant
with character λ if there exists a continuous homomorphism λ : G→ R>0 such
that L∗gµ = λ(g)µ, for all g ∈ G. The measure µ is called invariant if λ ≡ 1.
Haar measure and unimodular character Every locally compact group
G has a (up to scalar multiple) unique (left)-invariant measure µ = µG, which
is called the Haar measure of G.
Let Rg : G → G denote right-multiplication with g ∈ G. Then R∗gµ =
∆G(g)µ is another Haar measure for G. The homomorphism
∆ = ∆G : G→ R
>0
is called the unimodular character of G. If ∆G ≡ 1 the Haar-Measure is also
right-invariant. Therefore, G has a biinvariant measure if and only if ∆G ≡ 1.
In this case, G is called unimodular.
Since G is a Lie group, the Haar measure can be computed by integration
relative to a left-invariant n-form ω 6= 0 on G, n = dimG. We have
∆G(g) = | detAd(g)| ,
where detAd(g) is the determinant of the adjoint representation. In particular,
G is unimodular if and only if the determinant of the adjoint representation has
absolute value one.
Existence of semi-invariant measures Not every homogeneous space ad-
mits an invariant measure. A precise criterion is as follows:
For h ∈ H , define ∆G/H(h) = ∆G(h)∆H(h)
−1.
Proposition C.1 ([95][Lemma 1.4]) The homogeneous space X = G/H ad-
mits a (unique up to scalar) semi-invariant measure with character λ if and only
if, for all h ∈ H,
λ(h) = ∆G/H(h) .
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In particular, X admits an invariant measure if and only if ∆G/H ≡ 1 on H .
Let AdG/H denote the adjoint representation of H on g/h. Then, for all
h ∈ H , ∆G/H(h) = | detAdG/H(h)|.
C.2 The unimodular character of X = G/H
Let NG(H) denote the normaliser of H in G. The adjoint representation G →
GL(g) induces a quotient representation
AdG/H : NG(H)→ GL(g/h) .
Note that the restriction of AdG/H to H corresponds to the isotropy represen-
tation of H on the tangent space of X at H .
For every g ∈ NG(H), define
C(g) = LgR
−1
g : X → X ,
where Rg denotes right-multiplication on X . Let µ be a semi-invariant measure
on X with character λ. The relation
C(g)∗µ = ∆G/H(g)µ,
defines a unimodular character,
∆G/H : NG(H)→ R
>0 ,
independently of λ. In fact, ∆G/H = | detAdG/H |. Obviously, we have:
Lemma C.2 The semi-invariant measure µ with character λ is right-invariant
by g ∈ NG(H) if and only if λ(g)∆
−1
G/H (g) = 1.
In addition, we obtain the following:
Proposition C.3 LetX = G/H be a homogeneous space and µ a semi-invariant
measure with (smooth) character λ. Let λ¯ : g → R denote the derivative of λ.
Then the following conditions are equivalent:
1. µ is invariant by the right action of NG(H)
0 on X.
2. χλ = λ ∆
−1
G/H : NG(H)
0 → R>0 ≡ 1.
3. Hn(g, h,Rλ¯) 6= {0}.
Proof. This a direct consequence of the above lemma and Proposition B.1. ✷
Example C.1 Let G be nilpotent. Then ∆G/H ≡ 1. Therefore, H
n(g, h,Rλ¯) 6=
{0} is equivalent to λ ∼= 1 on NG(H)0.
Corollary C.4 Let X = G/H be a homogeneous space which admits an invari-
ant measure µ. Then µ is right-invariant by the action of NG(H)
0 if and only
if Hn(g, h,R) 6= {0}.
As a special case of the corollary, we have the well known theorem of Koszul
[73], which states that Hn(g,R) 6= 0 if and only if G is unimodular.
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